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PREFACE

This book is based on the second author’s notes of the first author’s graduate
course given at MIT in the Fall of 2001. It gives an introduction to the theory
of the dynamical Yang-Baxter equation and its applications.

The dynamical Yang—Baxter equations (both classical and quantum) appeared
first in physical literature (Gervais and Neveu (1984), Faddeev (1990), Balog
et al. (1990)). They are meaningful generalizations of the usual Yang—Baxter
equations, in which the unknown is not a matrix, but rather a matrix-valued
function of a “dynamical” parameter A taking values in some abelian group. Un-
like the usual Yang—Baxter equations (which are algebraic), the classical dynam-
ical Yang—Baxter equation is a differential equation, and the quantum dynamical
Yang—Baxter equation is a difference equation. This makes them richer and more
interesting than the usual Yang-Baxter equations.

An intensive mathematical study of the dynamical Yang-Baxter equations be-
gan with the innovative work of Felder (1994), where it was explained how these
equations and their solutions (dynamical R-matrices) naturally arise in confor-
mal field theory and statistical mechanics, and also how to attach to any solution
of the quantum dynamical Yang-Baxter equation a certain quantum group (to-
gether with the corresponding tensor category of representations). This gave a
beginning to a vast and vibrant new field. The papers that followed the work
(Felder (1994)) unearthed the geometric and representation theoretic meaning
of the dynamical Yang—Baxter equations, as well as their numerous connections
with other mathematical subjects (integrable systems, special functions). A re-
view of some of these works can be found in Etingof and Schiffmann (2001a),
Etingof (2002).

The goal of this book is to give an introduction to just one exciting part of
the theory of the dynamical Yang-Baxter equations, namely the connections
of the quantum dynamical Yang-Baxter equation with representation theory of
semisimple Lie algebras and quantum groups, and with integrable systems of
Macdonald—Ruijsenaars type. Thus the book does not attempt to review the
whole theory. We hope that this is, to some extent, expiated by the fact that it
starts from scratch and contains many detailed proofs and explicit calculations.
This should make the book accessible to beginners, who are familiar with the
basics of representation theory of semisimple Lie algebras.

The composition of the book is as follows.

Chapter 1 gives an introduction to the subject, highlighting the significance of
the dynamical Yang—Baxter equation for representation theory and mathemat-
ical physics. Here we briefly review the theory of the dynamical Yang-Baxter
equation, to be presented in the subsequent chapters, and explain the connec-
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tions of the dynamical Yang-Baxter equation with other objects in the theory
of representations and quantum integrable systems. In this chapter we take the
opportunity to briefly discuss the topics which could not be included in the book,
such as dynamical quantum groups and their representations.

In Chapter 2, we review, without proofs, the background material about
semisimple Lie algebras.

In Chapter 3, we introduce the main characters: intertwiners, fusion opera-
tors, and exchange operators. Further, we establish the main properties of these
objects: the dynamical twist equation for the fusion operator and the quan-
tum dynamical Yang—Baxter equation for the exchange operator. In this way,
we show that the quantum dynamical Yang—Baxter equation arises naturally
in representation theory of semisimple Lie algebras. Finally, we show that the
fusion operator satisfies the Arnaudon—Buffenoir-Ragoucy—Roche equation, and
using this equation compute this operator in the sls-case.

In Chapter 4, we review the theory of quantum groups 4 (g). At the end of the
Chapter, motivated by the theory of quantum groups, we discuss the classical
dynamical Yang-Baxter equation, which is the classical limit of the quantum
dynamical Yang-Baxter equation.

In Chapter 5, we generalize the constructions of Chapter 2 to the case of
quantum groups.

In Chapter 6, we discuss classical and quantum integrable systems, and the
transfer matrix construction, which allows one to attach a quantum integrable
system to an R-matrix. Then we generalize the transfer matrix construction to
dynamical R-matrices. When applied to the exchange matrix, this construction
yields an integrable system which is called the Macdonald-Ruijsenaars system.

In Chapter 7, we introduce traces of intertwining operators, and show that
they are eigenfunctions of the (modified) Macdonald—Ruijsenaars system. We
also show that they are symmetric with respect to the two weights on which
they depend (the bispectrality property). We also compute the traces in the sly
case.

In Chapter 8, we consider the special case where eigenfunctions of the Mac-
donald—Ruijsenaars system specialize to Macdonald functions and polynomials,
and rederive (using the theory of dynamical R-matrices) the results of Etingof—
Kirillov on the representation theoretic interpretation of Macdonald polynomials
of type A.

Finally, in Chapter 9 we give an introduction to the theory of dynamical Weyl
group, developed by Tarasov, Varchenko, and the first author.
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1

INTRODUCTION

1.1 The quantum dynamical Yang—Baxter equation

1.1.1  The equation

The quantum dynamical Yang-Baxter equation (QDYBE) was first considered
by physicists Gervais and Neveu, and later studied systematically by Felder. It
is an equation with respect to a (meromorphic) function R : h* — Endy(V @ V),
where § is a commutative finite dimensional Lie algebra over C, and V is a
semisimple h-module. It reads

R¥2(\ = h)RP(ANR®P (A — hb) = RB(NR¥ (N — h*)RM™())

on V®V ®V. Here h is the dynamical notation, to be extensively used below:

for instance, R'2(\ — h3) is defined by the formula R'2(\ — h3)(v; ® v2 ® v3) def

(R™Z(A — p)(v1 ® v2)) @ vg if vg is of weight 1 under b.
Invertible solutions of QDYBE are called quantum dynamical R-matrices. If
h =0, QDYBE turns into the usual quantum Yang-Baxter equation

R12R13R23 — R23R13R12.

1.1.2  Examples of solutions of QDYBE

We will soon explain the origin and meaning of QDYBE. Now let us consider
some examples of its solutions. Let V' be the vector representation of sl,,, and b
the Lie algebra of traceless diagonal matrices. In this case A € h* can be written
as A = (Aq,..., \p), where \; € C. Let v,, a = 1,...,n be the standard basis of
V. Let E4 be the matrix units given by E.pv. = 0peq.

We will now give a few examples of quantum dynamical R-matrices. The gen-
eral form of the R-matrices will be

R= ZEaa®Eaa+ZaabEaa®Ebb+2ﬂabEab®Eba, (11)
a a#b a#b

where agp, Bap are functions which will be given explicitly in each example.
Example 1.1  The basic rational solution. Let
Bab = 1/<)\b - )\a)aaab =1+ ﬁab-

Then R(A) is a dynamical R-matrix.
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Example 1.2  The basic trigonometric solution. Let

Bap = (@ —1)/(@* * — 1), aap = q + Bup-

Then R(A) is a dynamical R-matrix.

Remark 1.3 In Examples 1.1 and 1.2, the dynamical R-matrix satisfies the
Hecke condition (PR — 1)(PR 4+ q) = 0, with q = 1 in Example 1.1 (where P is
the permutation on V @ V).

Remark 1.4  The basic trigonometric solution degenerates into the basic ra-
tional solution as q — 1.

1.1.8 The QDYBE with spectral parameter

We note that the QDYBE has an important generalization, which is the QDYBE
with spectral parameter. It is an equation with respect to a meromorphic function
R: C x h* — Endy(V ® V) which reads

R12(U12, A — h?’)Rl?’(ulg, /\)R23 (Ugg, A — hl)

= R23(’U,23, )\)R13(U13, )\ — h2)R12(U12, )\)7 Where uij = U; — Uj.

This equation (as well as its basic solution, the so-called elliptic solution (Felder
(1994))) is even more useful than the QDYBE itself. However, to keep this book
short, we are forced to skip this topic; the inquisitive reader is referred to Felder
(1994), Etingof (2002) and references therein for more details.

1.1.4 The tensor category of representations associated to a quantum
dynamical R-matriz

Let R be a quantum dynamical R-matrix with spectral parameter. According
to Felder (1994), a representation of R is a semisimple h-module W and an
invertible meromorphic function L = Ly : §* — Endy(V ® W), such that

RYZ(\ = m3LB LB\ — k') = LB (\)L3 (A — h?)R2Z (). (1.2)

For example: (C, 1) (trivial representation) and (V, R) (vector representation).
A morphism f : (W, Lw) — (W', Ly) is a meromorphic function f : h* —
Endy (W) such that

(1@ FO)Lw(N) = L (M1 @ f(A = h')).

With this definition, representations form an (additive) category Rep(R). More-
over, it is a tensor category (Felder (1994)): given (W, Ly ) and (U, Ly ), one can
form the tensor product representation (W & U, Lywgu ), where

Lwevu(u,\) = Lig(A — R*) L (\);
tensor product of morphisms is defined by (f ® g)(A) = f(A — h?) @ g(N).
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1.1.5  Gauge transformations and classification

There exists a group of rather trivial transformations acting on quantum dy-
namical R-matrices. They are called gauge transformations. If h and V are as in
the previous section, then gauge transformations are:

1. Twist by a closed multiplicative 2-form ¢: agp — agpdan, Where ¢q =
(b,;al, and

¢ab()‘)¢bc()\)¢ca()\) = ¢ab()\ - wc)asbc()\ - wa)(bca ()\ - wb)

(w; = weight(v;));
2. Permutation of indices a = 1,...,n; A — A — v.

Theorem 1.5 (Etingof and Varchenko (1998b))  Any quantum dynamical R-
matriz for b,V satisfying the Hecke condition with q = 1 (respectively, q # 1) is a
gauge transformation of the basic rational (respectively, trigonometric) solution,
or a limit of such R-matrices.

Remark 1.6  Gauge transformations 2 do not affect the representation cate-
gory of the R-matrix. Gauge transformation 1 does not affect the category if the
closed form ¢ is exact: ¢ = d¢, i.e.,

Dabr(N) = Ea(N)& (A — wa)éa (A —wp) &),

where &,()) is a collection of meromorphic functions.

1.1.6 Dynamical quantum groups

Equation (1.2) may be regarded as a set of defining relations for an associative
algebra Ar (see Etingof and Varchenko (1998b) for precise definitions). This
algebra is a dynamical analog of the quantum group attached to an R-matrix
defined in Feddeev et al. (1988), and representations of R are an appropriate
class of representations of this algebra. The algebra Ag is called the dynamical
quantum group attached to R.

To keep this book within bounds, we will not discuss Ag in detail. However, let
us mention (Etingof and Varchenko (1998b)) that Ap is a bialgebroid with base
h*. This corresponds to the fact that the category Rep(R) is a tensor category.
Moreover, if R satisfies an additional rigidity assumption (valid for example for
the basic rational and trigonometric solutions) then the category Rep(R) has
duality, and Ap is a Hopf algebroid, or a quantum groupoid (i.e. it has an
antipode).

Remark 1.7 For a general theory of bialgebroids and Hopf algebroids the
reader is referred to Lu (1996). However, let us mention that bialgebroids with
base X correspond to pairs (tensor category, tensor functor to O(X)-bimodules),
similarly to how bialgebras correspond to pairs (tensor category, tensor functor
to vector spaces) (i.e. via Tannakian formalism).
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1.1.7 The classical dynamical Yang—Baxter equation

In the theory of quantum groups, an important role is played by the following
fact: if R = 1 — hr + O(h?) is a solution of QYBE, then r satisfies the classical
Yang-Baxter equation (CYBE),

[,,,127 ,,,13] 4 [,,4127 ,,,23] 4 [,,,137 7‘23] =0.

The element r is called the classical limit of R, while R is called a quantization
of r.

The dynamical analog of this is the following. First of all define the QDYBE
with step v € C*, which differs from the usual QDYBE by the replacement
ht — yh'. Clearly, R(\) satisfies QDYBE if and only if R()\/7) satisfies QDYBE
with step ~.

Now let R(\, i) be a family of solutions of QDYBE with step & given by a
series 1 — hr(\) + O(h?). Then it is easy to show that r(\) satisfies the follow-
ing differential equation, called the classical dynamical Yang—Bazter equation
(CDYBE) (Balog et al. (1990), Felder (1994)):

) 23 o 13 o 12
Z(xz(‘l) 87;(_ _XEQ) 87;(_ +Xz('3) 87;(- ) 4 [7’12,7"13] T [7"12,7"23]4— [r13,r23] —0,

(1.3)
where x; is a basis of . The function r()) is called the classical limit of R(\, ),
and R(A, h) is called a quantization of r(\).

Define a classical dynamical r-matrix to be a meromorphic function r : h* —
Endy(V ® V) satisfying the CDYBE.

Conjecture 1.8  Any classical dynamical r-matriz can be quantized.

This conjecture is proved in Etingof and Kazhdan (1996) for the non-dynamical
case, and in Xu (2002) for the dynamical case for skew-symmetric solutions
(r?! = —r) satisfying additional technical assumptions. However, the most in-
teresting non-skew-symmetric case is still open.

Remark 1.9  Similarly to CYBE, CDYBE makes sense for functions with
values in g ® g, where g is a Lie algebra containing b.

Remark 1.10 The classical limit of the notion of a quantum groupoid is
the notion of a Poisson groupoid, due to Weinstein. By definition, a Poisson
groupoid is a groupoid G which is also a Poisson manifold, such that the graph
of the multiplication is coisotropic in G x G x G' (where G is G with reversed sign
of Poisson bracket). Such a groupoid can be attached (Etingof and Varchenko
(19984)) to a classical dynamical r-matrix r : h* — g ® g, such that 72! + r is
constant and invariant (i.e. r is a “dynamical quasitriangular structure” on g).
This is the classical limit of the assignment of a quantum groupoid to a quantum
dynamical R-matrix (Etingof and Varchenko (1998b)).
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1.1.8 Ezamples of solutions of CDYBE

We will now give examples of solutions of CDYBE in the case when g is a
finite dimensional simple Lie algebra, and b is its Cartan subalgebra. We fix an
invariant inner product on g. It is restricted to a nondegenerate inner product
on b. Using this inner product, we identify h* with h (A € b* — X € b), which
yields an inner product on h*. The normalization of the inner product is chosen
so that short roots have squared length 2. Let x; be an orthonormal basis of b,
and let e,, e_, denote positive (respectively, negative) root elements of g, such
that (eq,e_q) = 1.

Here are some examples of solutions of CDYBE (see section 5.4 for a more
complete discussion).

Example 1.11  The basic rational solution is

EY LQA Zg“ .

a>0

Example 1.12  The basic trigonometric solution is

Q 1
r(\) = 5 + Z 5 €a A e_, cotanh (@) ,

a>0

where 2 € S%g is the inverse element to the inner product on g.

Remark 1.13  One says that a classical dynamical r-matrix r has coupling
constant ¢ if r + r?! = £Q (this is an classical analog of the Hecke condition
in the quantum case). With these definitions, the basic rational solution has
coupling constant 0, while the trigonometric solution has coupling constant 1.

Remark 1.14  The classical limit of the basic rational and trigonometric so-
lution of QDYBE (modified by A — A/h) is the basic rational, respectively
trigonometric, solution of CDYBE for g = sl,, (in the trigonometric case we
should set q = e~"/2).

Remark 1.15 These examples make sense for any reductive Lie algebra g.

1.1.9 Gauge transformations and classification of solutions for CDYBE

It is clear from the above that it is interesting to classify solutions of CDYBE.
As in the quantum case, it should be done up to gauge transformations. These
transformations are classical analogs of the gauge transformations in the quan-
tum case. They are the following:
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L rer+w, where w =7, Ci;5(A) x; Ax; is a meromorphic closed differ-
ential 2-form on h*.
2. 7(A) — ar(aX — v); Weyl group action.

Theorem 1.16 (Etingof and Varchenko (1998a))

1. Any classical dynamical r-matriz with zero coupling constant is a gauge
transformation of the basic rational solution for a reductive subalgebra |
of g containing by, or its limiting case.

2. Any classical dynamical r-matriz with nonzero coupling constant is a
gauge transformation of the basic trigonometric solution for g, or its lim-
iting case.

Remark 1.17  One may also classify dynamical r-matrices with nonzero cou-
pling constant defined on [* for a Lie subalgebra [ C h, on which the inner prod-
uct is nondegenerate (Schiffmann (1998)). Up to gauge transformations they are
classified by generalized Belavin—Drinfeld triples, i.e.triples (I'1,I'2,T"), where T';
are subdiagrams of the Dynkin diagram I' of g, and T : I'y — T'3 is a bijection
preserving the inner product of simple roots (so this classification is a dynamical
analog of the Belavin—Drinfeld classification of r-matrices on simple Lie alge-
bras, and the classification of Etingof and Varchenko (1998a) is the special case
'y =Ty =T, T = Id). Explicit quantization of the dynamical r-matrices from
Schiffmann (1998) is given in Etingof et al. (2000).

1.2 The fusion and exchange construction

It is striking that unlike QYBE, interesting solutions of QDYBE may be obtained
already from classical representation theory of Lie algebras. This can be done
through the fusion and exchange construction (see Faddeev (1990), Etingof and
Varchenko (1999)).

1.2.1 Intertwining operators

Let g be a simple finite-dimensional Lie algebra over C, with polar decomposition
g=n; ®hdn_. For any g-module V, we write V[v] for the weight subspace of
V of weight v € h*. Let M), denote the Verma module over g with highest weight
A € b*, x) being its highest weight vector, and z3 the lowest weight vector of
the dual module. Let V' be a finite-dimensional representation of g. Consider an
intertwining operator ® : My — M, ® V. The vector z},(®zx) € VA — p] is
called the expectation value of ®, and denoted by (®).

Lemma 1.18  If M, is irreducible (i.e. for generic p), the map ® — (®) is
an isomorphism Homg (M1, M, @ V) — V]v].

Lemma 1.18 allows one to define for any v € V[v] (and generic ) the inter-
twining operator ®% : My — My_, ® V, such that (®}) = v.
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1.2.2  The fusion and exchange operators

Now let V, W be finite-dimensional g-modules, and v € V,w € W homogeneous
vectors, of weights wt v, wtw. Consider the composition of two intertwining op-
erators

PYE (DY, ® DR 2 My — My sy wiw @ W S V.

The expectation value of this composition, (®}""), is a bilinear function of w and
v. Therefore, there exists a linear operator Jyyv (A) € End(W®V') (of weight zero,
i.e., commuting with b), such that (®\"") = Jywv (A)(w @ v). In other words, we

have (®Y_,;, ®1)PY = q)iwv(k)(w@v). The operator Jyy (A) is called the fusion
operator (because it tells us how to “fuse” two intertwining operators).

The fusion operator has a number of interesting properties, which we discuss
below. In particular, it is lower triangular, i.e., has the form J = 1+ N, where N
is a sum of terms which have strictly positive weights in the second component.
Consequently, N is nilpotent, and J is invertible.

Define also the exchange operator,

Ryw(N) €I W) VeWw - Ve W.

This operator tells us how to exchange the order of two intertwining operators,
in the sense that if Ry v (A)(w®wv) = Y, w; ®v; (where w;, v; are homogeneous),
then ®\"" = P Y. ®\"" (where P permutes V and W).

1.2.3  Fusion and exchange operators for quantum groups

The fusion and exchange constructions generalize without significant changes to
the case when the Lie algebra g is replaced by the quantum group 44 (g), where q
is not zero or a root of unity. The only change that needs to be made is in the def-
inition of the exchange operator: namely, one sets R(\) = Jy4, (\)R?LI2L, (M),
where R is the universal R-matrix of 4q(g). This is because when changing the
order of intertwining operators, we must change the order of tensor product of
representations V' ® W, which in the quantum case is done by means of the
R-matrix.

Theorem 1.19 (Etingof and Varchenko (1999))  Ryv(X) is a solution of the
quantum dynamical Yang—Bazter equation.

Example 1.20 Let g = sl,, and V be the vector representation of q(g).

Then the exchange operator has the form R = q'~'/"R, where R is given by
(1.1), with

__ q*-1
Bab = O |

aay =q 1 ifa<b,

and
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(q2(>\b—>\a+a—b) _ q—2)(q2(/\b—>\a+a—b) _ q2)

q(q2Cv—Aa+a=b) _1)2 if a > b.

Qgp =

The exchange operator for the vector representation of g is obtained by passing
to the limit q — 1; i.e., it is given by (1.1), with

1

Bab: )\b_/\a_b‘i‘a’
aqp =1 for a < b,
and
M—=Adata—b—1N\—Aa+a—-0b+1)
(Mo — Ay +a—b)?
It is easy to see that these exchange operators are gauge equivalent to the basic
rational and trigonometric solutions of QDYBE, respectively.

if a > b.

Qgp =

1.2.4 The ABRR equation

The fusion operator is not only a tool to define the exchange operator satisfying
QDYBE, but is an interesting object by itself, which deserves a separate study;
so we will briefly discuss its properties.

Let p be the half-sum of positive roots of g. Let ©(\) € U(h) be given by
O(A\) = A+ p — £ x2. Then O(A) defines an operator in any {4 (g)-module
with weight decomposition. Let Ry = Rq~ 2%®% be the unipotent part of the
universal R-matrix.

Theorem 1.21 (ABRR equation, Arnaudon et al. (1998))  Forq # 1, the fu-
siton operator is a unique lower triangular zero weight operator, which satisfies
the equation:

TN ®q*°W) = RE (1 ® g*°V)J(N). (1.4)

For q =1, the fusion operator satisfies the classical limit of this equation:

T, 1000 = (Y eca ®ea) J(N), (1.5)

a>0

(Here for brevity we have dropped the subscripts W and V, with the under-
standing that both sides are operators on W ® V.)

1.2.5 The universal fusion operator

Using the ABRR equation, we can define the universal fusion operator, living
in a completion of U4 (g)®?, which becomes Jyv () after evaluating in W @ V.
Namely, the universal fusion operator J(\) is the unique lower triangular solution
of the ABRR equation in a completion of 4 (g)®?. This solution can be found
in the form of a series J = . Jn, Jo = 1, where J,, € {q(g) ® Uq(g) has zero
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weight and its second component has degree n in principal gradation; so J,, are
computed recursively.

This allows one to compute the universal fusion operator quite explicitly. For
example, if g = 1 and g = slo, then the universal fusion operator is given by the
formula

J(/\)=Zﬂf"@(A—h+n+1)—1...(/\_h+2n)—1en.

n!
n>0

1.2.6 The dynamical twist equation

Another important property of the fusion operator is the dynamical twist equa-
tion (which is a dynamical analog of the equation for a Drinfeld twist in a Hopf
algebra).

Theorem 1.22  The universal fusion operator J(X) satisfies the dynamical
twist equation

J12’3()\)J1’2()\ o h3) _ J1’23()\)J2’3()\),

Here the superscripts of J stand for components on which the first and second
components of J act; e.g., J? means (1 ® A)(J), and J»2 means J ® 1.

1.3 Traces of intertwining operators and Macdonald functions

In this section we discuss a connection between dynamical R-matrices and certain
integrable systems and special functions (in particular, Macdonald functions).
This connection is one of the important motivations for studying the theory of
dynamical R-matrices.

1.8.1 Trace functions

Let V be a finite-dimensional representation of 4 (g) (q # 1), such that V[0] # 0.
Recall that for any v € V]0] and generic p, one can define an intertwining
operator @}, such that (®,) = v. Following Etingof and Varchenko (2000), set
U\ p) = tr|MM (®9g*"). This is an infinite series in the variables q— e
(where a; are the simple roots) whose coefficients are rational functions of g{#*®
(times a common factor q2<)"“>). For generic p this series converges near 0, and
its matrix elements belong to q>** (C(qM i) @ C(q(mei))).

Let Wy (A, p) be the End(V[0])-valued function with Wy (A, p)v = UV(A, p).
The function ¥y has remarkable properties and in a special case is closely related
to Macdonald functions. To formulate the properties of ¥y, we will consider a
renormalized version of this function. Namely, let dq (A) be the Weyl denominator
[Toso(@®e —q=M)) Let also Q(n) = S~ (bi)as;, where - a; ® b; = J (1)
is the universal fusion operator (this is an infinite expression, but it makes sense
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as a linear operator on finite-dimensional representations; moreover it is of zero
weight and invertible). Define the trace function

Fy(\ 1) = 0N 8y (N, —p = p)Q(—p—p) .

1.8.2  Commuting difference operators

For any finite-dimensional 44 (g)-module W, we define a difference operator Dy
acting on functions on h* with values in V'[0]. Namely, we set

Dw ) = D trly (Rwv (=X = p) fF(A +v).

veh*

These operators are dynamical analogs of transfer matrices, and were introduced
in Felder and Varchenko (1997). It can be shown that

Dw,ew, = Dw, Dw,;

in particular, Dy commute with each other, and the algebra generated by them
is the polynomial algebra in Dyy,, where W; are the fundamental representations
of Uq(g).

1.3.3 Difference equations for the trace functions

It turns out that trace functions Fy (\, p), regarded as functions of A, are common
eigenfunctions of Dyy.

Theorem 1.23 (Etingof and Varchenko (2000))  One has

D Fy (A, ) = xw (@) Fv (A, ), (1.6)
where xw (x) = tr|y, (x) is the character of W.

In fact, it is easy to deduce from this theorem that if v; is a basis of V[0] then
Fy (A, p)v; is a basis of solutions of (1.6) in the power series space. Thus, trace
functions allow us to integrate the quantum integrable system defined by the
commuting operators Dyy,.

Theorem 1.24 (Etingof and Varchenko (2000))  The function Fy is symmet-
ric in A and p in the following sense: Fy«(u, A) = Fy (A, p)*.

This symmetry property implies that Fy also satisfies “dual” difference equa-

tions with respect to p: D%)FV()\7M)* = xw (g M Fy(\ p)*.

1.83.4 Macdonald functions

An important special case of the theory of trace functions, worked out in Etingof
and Kirillov (1994), is g = sl,,, and V' = L,,,n, , where wy is the first fundamental
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weight, and m a non-negative integer. The zero-weight subspace of this repre-
sentation is one-dimensional, so the function ¥y can be regarded as a scalar
function. We will denote this scalar function by ¥,,(q, A, p).

Recall the definition of Macdonald operators (Macdonald (1988), Etingof and
Kirillov (1994)). They are operators on the space of functions f(\y, ..., Ay ) which
are invariant under simultaneous shifting of the variables, \; — \; + ¢, and have
the form

20 _ 12N

tq q
M, = Z H 2N — g2 11,
Ic{1,...,n}:|I|=r \i€l,j¢I

where TrA; = X\ if j ¢ T and T7A; = \j + 1 if j € I. Here q,t are parameters.
We will assume that t = q"™*!, where m is a nonnegative integer.

It is known (Macdonald (1988)) that the operators M, commute. From this
it can be deduced that for a generic p = (1, ..., ttn), »_ i = 0, there exists a
unique power series fio(q, A\, i) € C[[q*2~*1, ..., q*~*»-1]] such that the series

fm(a, A, 1) def q2Nr=me) £ (g, A, 1) satisfies difference equations

M, fn(a, A, 1) = S QPR (g, ).
Ic{1,....n}:|I|=r

Remark 1.25  The series f,,,0 is convergent to an analytic (in fact, a trigono-
metric) function.
The following theorem is contained in Etingof and Kirillov (1994).
Theorem 1.26  One has
fm(d, A, 1) = m(q, A)_lmm(q_la =, 1),

where

def T Yy i e
ym(a,A) = [T —a*a ).

i=11<j

Let Dy (q~!, —\) denote the difference operator, obtained from the operator
Dy defined above by the transformation q — q~! and the change of coordinates

A — —A\. Let A"C" denote the g-analog of the 0 fundamental representation
of sl,,.

Theorem 1.27 (Felder and Varchenko (1997), Etingof and Varchenko (2000))

Darcn (q_l, _)\) = 6q ()\)'Ym<qa /\) oM, o ’Ym(qa )‘)_l(sq (/\)_1'
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Remark 1.28 In the theory of trace functions, one may replace Verma mod-
ules M,, with finite-dimensional irreducible modules L, with sufficiently large
highest weight, and obtain results analogous to the above. In particular, one may
set W, (q, \, 1) = tr((il‘fq”), where i)"f : L, — L,@V ®V*0] is the intertwiner
with highest coefficient 1 (such an operator exists if and only if u —mp > 0, see
Etingof and Kirillov (1994)). Then one can show analogously to Theorem 1.26
(see Etingof and Kirillov (1994)) that the function

A def _12 _
Frn(@ A 1) = Y (@, )" (7t =, e+ mp)

is the Macdonald polynomial P,(q, t,q**) with highest weight u (x is a dominant
integral weight). In this case, Theorem 1.23 says that Macdonald’s polynomials
are eigenfunctions of Macdonald’s operators, Theorem 1.24 is the Macdonald
symmetry identity (see Macdonald (1988)), and the dual version of Theorem
1.23 gives recursive relations for Macdonald’s polynomials with respect to the
weight (for slo—the usual 3-term relation for orthogonal polynomials).

Remark 1.29 If q = 1, the difference equations of Theorem 1.23 become
differential equations, which in the case g = sl,, V = Lynw, reduce to the
trigonometric Calogero—Moser system. In this limit, the symmetry property is
destroyed, but the “dual” difference equations remain valid, now with the ex-
change operator for g rather than qy(g). Thus, both for ¢ = 1 and q # 1,
common eigenfunctions satisfy additional difference equations with respect to
eigenvalues—the so-called bispectrality property.

Remark 1.30 Apart from trace U¥ of a single intertwining operator multi-
plied by g*, it is useful to consider the trace of a product of several such opera-
tors. After an appropriate renormalization, such multicomponent trace function
(taking values in End((V4 ® -+ ® Vy)[0])) satisfies multicomponent analogs of
(1.6) and its dual version, as well as the symmetry. Furthermore, it satisfies an
additional quantum Knizhnik—Zamolodchikov—Bernard equation, and its dual
version (see Etingof and Varchenko (2000)).

Remark 1.31 The theory of trace functions can be generalized to the case
of any generalized Belavin—Drinfeld triple; see Etingof and Schiffmann (20015).

1.8.5 Dynamical Weyl groups

Trace functions Fy (A, 1) are not Weyl group invariant. Rather, the diagonal ac-
tion of the Weyl group multiplies them by certain operators, called the dynamical
Weyl group operators. These operators were studied in Tarasov and Varchenko
(2000), Etingof and Varchenko (2002) and play an important role in the theory
of dynamical R-matrices and trace functions. So we conclude the introduction
with a brief discussion of these operators.
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Recall that a nonzero vector in a #lq(g)-module is said to be singular if it is
annihilated by Chevalley generators E; for all 4.

Let W be the Weyl group of g. Let w = s, ... s;, be a reduced decomposition
ofw € W.Set o! =, and o? = (s, ... 5;,,,)(c;;) for j =1,...,1—1. For p € h*
)

(o ,07)
integers. Let d’ = d;; (where d; are the symmetrizing numbers for the Cartan
matrix). It is known that the collection of pairs of integers (nq,d), ..., (ng, d")
and the product fg;l e fg’ﬁ’ do not depend on the reduced decomposition.

Define a vector ., € M,, by

let n; =2 . For a dominant integral weight i, the numbers n; are positive

i o
Tapey = L. oz, 1.7
" [nl]qu! [’I’Ll]qdzl " ( )

This vector is singular. It does not depend on the reduced decomposition.

Let V be a finite-dimensional 4 (g)-module, and w € W. According to Tarasov
and Varchenko (2000), Etingof and Varchenko (2002), there exists a unique op-
erator A, v (¢) € End(V) which rationally depends on q(** and has the fol-
lowing properties.

Let p be a sufficiently large dominant integral weight. Let u € V[v] for some
v € h*. Then

CI)Z Tw-(p) = Tw-(p—v) @ Aw,V(M) u + lo.t., (1.8)

where l.o.t. stands for “lower order terms”, or terms of lower weight in the first
component. The collection of operators { Ay v (1) }wew is called the dynamical
Weyl group. Thus, the dynamical Weyl group describes restriction of intertwining
operators to Verma submodules.

The operators of the dynamical Weyl group preserve the weight decomposition
of V and satisfy the cocycle condition. Namely, if w1, ws € W, [(wiws) = l(w1)+
{(we) (where [(w) is the length of w), then

Awlwz»V(:u) = Awl,V(wQ :u) sz,V(:u)' (19)

Moreover, according to Etingof and Varchenko (2002), on the subspace V[0] this
equation is satisfied without the assumption I(wyws) = I(w1) + l(w3).

Finally, let us explain the connection between dynamical Weyl group and trace

functions. Let Ay, v (A) dof A v (=X — p). Then the trace function F (A, u) has

the following symmetry property with respect to the dynamical Weyl group
(Etingof and Varchenko (2002)).

Theorem 1.32
FVnp) = Apv™ ) FV(w I\ w tp) Ay v (wp)* (1.10)

for any w e W.
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This theorem plays an important role in the deeper theory of trace functions,
which is developed in Etingof and Varchenko (2003). However, this is already
outside the scope of this book.
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BACKGROUND MATERIAL

This chapter contains well-known facts about semisimple finite-dimensional Lie
algebras. For proofs the reader is referred to the standard text (Humphreys
(1972)).

2.1 Facts about sl
slp is a Lie algebra over C, generated by three elements e, f and h such that
[h,e] = 2e¢, [h,f] = —2f, [e,f] = h.

‘We have
sl 2 {A € Maty C,tr A = 0},

01 00 10
[X,y]—Xy—yX, e_<00)? f_(10)7 h_(Ol)

Now let d be a positive integer, and let V; = {aoz? + a129 ty + - - + aqy?}, the
set of homogeneous polynomials of degree d in x,y. slo acts on V; by e — xa%,

where

fi— ya%, h— x% — ya%. h is diagonalizable in Vj;, and we have

Va= @ Vi [m] )

—d<m<d, m=d mod2

where Vy[m] = {v € Vg such that hv = mo} (the weight subspace of weight

m). The eigenvalues of h are m = d,d — 2,d — 4,...,—d with corresponding
eigenvectors 2%, £ 1y, ... y%. The highest weight is d, the highest weight vector
is vg = x%, so that a basis of V is {va, fvg, fPog, . . . ,fdvd}, and f9t1ly,; = 0.

Theorem 2.1

1. Vg is irreducible;

2. Every irreducible finite-dimensional representation of sla is isomorphic to
Va for some d;

3. BEvery finite-dimensional representation of sla is isomorphic to a unique
direct sum of the form V = ®3NyaVy.

Corollary 2.2 In any finite-dimensional representation of sls, h is diagonal-
izable.

15
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2.2 Semisimple finite-dimensional Lie algebras and roots

Let g be a Lie algebra over C. We say that g is simple if every ideal of g is 0 or
g. We say that g is semisimple if g is a direct sum of simple Lie algebras.

Example 2.3  sl, = {4 € Mat,, such that tr A = 0}, with [A,B] = AB —
BA, is simple.

In what follows, we will let g be a semisimple finite-dimensional Lie algebra.
Definition 2.4  An element a € g is semisimple if the operator ada : g — g

defined by ad a(x) = [a,X] is diagonalizable.

Definition 2.5 A Cartan subalgebra in g is a maximal abelian Lie subalgebra
in g which consists of semisimple elements.
Example 2.6 In sly, we have

20 0
adh={000 |;
00 -2

hence, (h) is a Cartan subalgebra. However, ad e is nilpotent, so e is not semisim-
ple, and (e) is not a Cartan subalgebra. In sl,,, the subalgebra b of diagonal
matrices is a Cartan subalgebra.

Fact 2.7 If G is the Lie group corresponding to g, then G acts on g by auto-
morphisms, and all Cartan subalgebras are conjugate under this action.

Now consider the adjoint action of h on g. We have g = @®gey-g[5], where
g[8l = {a € g,[h,a] = B(h)a for all h € h}. Since g[0] = b, we can write

s=b@P| P

Beh*\{0}
Proposition 2.8 dimg[g] <1 if 3 #0.

Definition 2.9 (€ h*\ {0} is called a root if dimg[3] = 1.
The set of roots is denoted by R C b*.

Proposition 2.10
1. aeR= —aeR



Inner product on a simple Lie algebra 17

2. RR C b* is a real form of h*; i.e., (RR)g = b*.

Now let hr = (RR)", and pick t € hgr such that (t,a) # 0 for all « € R.

Definition 2.11 A root « € R is positive (« > 0) if (t,«) > 0 and negative
(e < 0) if (t,a) < 0.
Let the set of positive roots be denoted by Ry and the set of negative roots

be denoted by R_. Of course, R = Ry UR_. We note that if » = dimh = rank g,
then RR = R".

Definition 2.12 A mazimal root is 0 € R for which (t,0) is mazimal (such 6
is unique).

Definition 2.13  « € Ry is simple if it cannot be nontrivially represented as
a nonnegative integer linear combination of positive roots.

The set of simple positive roots is denoted by IT C R;..

Proposition 2.14

1. 11 is a basis of b*.
2. Ry C Z,11.

We will write II = {ay,..., .}
Example 2.15 Let us have a look at sl3, with
h = {A € sl3 diagonal with tr A = 0}.

We have dimfh = 2,dimg = 8 and thus |R| = 6. The six roots, along with a
possible choice of t and the corresponding simple roots, are illustrated in Fig.
2.1.

Example 2.16 In sl,, we take h = {diagonal traceless n x n matrices}. We
can write h* = {(y1,...,yn) such that > . ,v; = 0}. The roots are a;; =

(ag;), e ag;b)), where agf) is 1 for k =14, —1 for k = 7 and 0 otherwise. We take
t=(n,n—1,...,1). Then a;; > 0 for « < j and a;; < 0 for ¢ > j. Since «;; =
oy +ag; if i < k < j, we see that the simple roots are o;; = «; ;4-1. Each positive

root can be written as a sum of simple roots as follows: a;; = o; + -+ + a;—_1.

2.3 Inner product on a simple Lie algebra

Theorem 2.17  Let g be a simple Lie algebra. Then there exists a unique
nonzero invariant inner product on g (up to scaling).
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Qi
o1 + g
t
aq
negative roots
positive roots
line (t,x) =0

Fig. 2.1 Roots of sls.

Here invariant means that

([x,y],2z) + (y,[x,2]) = 0.

If x € g[f] and y € g[a], then (x,y) = 0 unless a + 3 = 0. Furthermore, (-,-)[, is
nondegenerate and induces an inner product on h*. Unless otherwise specified,
we will normalize this inner product so that (f,6) = 2. With this normalization,
the inner product is positive definite on hz = RR.

2.4 Chevalley generators

Since gp = g[f] is always one-dimensional for 5 € R, we can write go, = span(e;)
and g_,, =span(f;), fori =1,...,r. We define h; = [e;,f;] € h. Then hy, ... h, is
a basis of h. Now «;(h;) # 0; we can thus normalize e; and f; so that a;(h;) = 2.
We then have [hi, ei] = Oél(hl)el = 261‘, [h“ fl] = —Oél(hl)fl = —2f1'. Therefore
(sla); = (e;, h;,f;) is an sly-subalgebra of g.

Theorem 2.18  The elements e;,f;,h;,i = 1,...,r generate g.

Definition 2.19  The Cartan matriz of g is the following r x r matriz: A =
(aij), where a;; = a(h;).

Proposition 2.20  The Cartan matriz has the following properties:
1. a; =2 foralll1 <i<r;
2. aij €Z; a5 <0 foralll <i,5 <r,i#j;
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3. Qjj #0 — Qjj #0;
4. There exist unique relatively prime positive integers d; such that d;a;; =
djaﬁ;
5. If D is the diagonal matriz with entries d;, then (DAz,x) > 0 for all
x # 0.
Furthermore, there exists a bijection between matrices satisfying 1-5 (modulo
conjugation by a permutation matriz) and isomorphism classes of semisimple
Lie algebras.

Theorem 2.21  The defining relations for h;,e;, f; are:

1. [hi,hj] =0 for all 1 <i,j <r;

2. [hi,e;] = aije; for all1 <i,j <r;
3. [hl,f]: —ai;f; forall1 <i,5 <rw;
4. les, ;] = di5h; for all1 <id,j <r;

.

6.

(adez)1 Gig; =0 for all 1 <i,j <ri#j;
(adf;)~%if; =0 for all 1 <i,j <r,i#j.

Relations 5 and 6 are called the Serre relations, and e;, f;, h; are known as the
Chevalley generators of g.

2.5 Representations of finite-dimensional semisimple Lie algebras

Let g be a finite-dimensional semisimple Lie algebra, and V' be a finite-dimen-
sional representation of g.

Proposition 2.22 Vs diagonalizable under §; that is, we can write

V=_E VN

Aeh*
where V] = {v € V,hv = A(h)v for all h € h}.

V[A] is called the weight subspace of V' of weight A. We can put a partial order
on h* as follows: p < Aif p= X\ — Z:Zl n;oy, where n; € Zxg.

Definition 2.23  The root lattice is Q = ZII.
We also write Q4 = Z>oIl. Then p <\ <= pe X —Q.4.
Definition 2.24 A weight of V is an element X\ € h* such that V[\] # 0. A

highest weight of V' is a mazimal element among weights of V.

Proposition 2.25  If V is irreducible, then the highest weight X = \(V') is
unique, and dimV [\ =1, so V[\] = Cvy, where vy is a highest weight vector.
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Note that h;vy = A(h;)vy; also, e;vy = 0 since wt(e;vy) = a; + A > A, so
a; + A is not a weight.

Theorem 2.26  An irreducible finite-dimensional representation with a given
highest weight X\, if it exists, is unique.

Notation 2.27  The representation in Theorem 2.26 is denoted by V.

Theorem 2.28  Any finite-dimensional representation of g is a direct sum of
irreducible representations.

Definition 2.29 A weight \ € h* is said to be integral if for all i, A(h;) € Z.
A weight X € b* is dominant integral if for all i, A(h;) € Z>¢.

We write P = {integral weights} and P, = {dominant integral weights}.

Theorem 2.30  There exists a finite-dimensional irreducible representation
V. with highest weight X\ if and only if A € P4.

Example 2.31 For sly, P=7Z and P, = Z>.

We now ask ourselves the following question: how do we define highest weight
representations for \ ¢ P ?

Definition 2.32  Given a finite-dimensional semisimple Lie algebra g, we de-
fine ny to be the positive nilpotent subalgebra, generated by the e;,1 < i <r. In
other words, ny = @q>o0¢[a]. Similarly, we define n_ to be the negative nilpotent
subalgebra, generated by the f;,1 <i <r. In other words, n_ = @q4<08la].

Note that g=n, & hdn_.

Definition 2.33  The positive and negative Borel subalgebras are by =n, &h
and b_ = n_ @ h. In other words, by is generated by the e; and h; and b_ is
generated by the f; and h;.

We can regard A € h* as a one-dimensional representation of b, with A(ny.) =
0.

Definition 2.34  Given a Lie algebra g, a subalgebra a C g and a representa-
tion V of a, we define the induced representation of g: Ind§ V = U(g) @y V.
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Definition 2.35 Let g =n; & hdn_ be semisimple, and A € h*. The Verma
module My with highest weight X is defined by

My =Ind§_ .

Theorem 2.36 (follows from Poincaré-Birkhoft-Witt theorem)  The
natural map U(n_) @ U(by) — U(g) is an isomorphism.

It follows that

M = $(g) @y(o,) A
=U(n_) @ Ub1) Dy(o,) A
=Umn_)® A

We can thus write My = U(n_)vy (a free rank 1 Y(n_)-module with generator
vy), with h;vy = A(h;)vy and e;vy = 0.

Corollary 2.37 (also follows from PBW)  For any ordering oM, ... o) of
Ry, the elements £, -+ -f"(,vx form a basis of M.

Thus, the weights of M) all lie in A — Q.

Example 2.38  For sly, M) = span{vy,fvy,f?vy,...}, and for all k& > 0, we
have

h(ffvy) = (A — 2k)fFvy,

f(ka,\) = fk+1V,\

e (fkv,\) = fef*~'v, + hf*"lv, since [e,f]=h
= fef*Ivy + (A —2(k — 1)) f* v,

= /\fkflv/\ + ()\ - 2)fk71v,\ 4ot (/\ _ Q(k‘ _ 1)) ]clcflv/\
= (kX — k(k — 1)) f*~1v,
=k(\ —k+ Df" v,

2.6 Irreducible highest weight modules; the Shapovalov form

Let A be an algebra, and B C A be a subalgebra. If M is a B-module, we can
form an A-module A ® g M (the induced module).
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Proposition 2.39 (Frobenius reciprocity)  If N is any A-module, then the
natural map Homy (A ®p M, N) — Hompg(M, N) is an isomorphism.

Corollary 2.40 If N is any g-module, then Homg(My, N) is canonically iso-
morphic to Homy, (A, N) = {v € N,e;v = 0,hv = A(h)v, h € h}

Definition 2.41  We let Jy be the maximal proper submodule of M.

In other words, Jy = Y NCM,y N. (This is indeed a proper submodule, since
N has a weight decomposition, and vy is not in N for N G Mj.)

Definition 2.42  We define V), = My /J», the irreducible g-module with high-
est weight .

V) is finite-dimensional if and only if A\ € P,. We would like to know when
M, is irreducible (in other words, when is M) = V3 7)

Theorem 2.43  There exists a unique bilinear form {-,-) on My such that
1. <V)\,V)\> = 1,‘
2. (ejv,w) = (v, fw);
3. (h;jv,w) = (v, hw);
4. (fiv,w) = (v, e;w).

This bilinear form is symmetric.

Definition 2.44  The symmetric bilinear form in theorem 2.43 is called the
Shapovalov form.

Proof Consider the automorphism w : g — g given by w(e;) = f;, w(f;) = e;,
w(h;) = —h; (the so-called Cartan involution). If N is a g-module, then we
can define a new g-module N“ as follows: N“ is the same as N as a vector
space, and pyw(x) = py(w(z)). There is a bijection between bilinear forms
(,-) : My ® M, — C satisfying conditions 2, 3, 4, and linear maps A : M) —
M5 (where MY = @,Mx[pu]*, the restricted dual of My) defining a module
homomorphism My — My*. But Homg (M, My*) = {v € MY* such that h;v =
A(h;)v,e;v = 0} = Cvy. In order to satisfy condition 1, it suffices to normalize
A € Homg (M, My*) so that Avy = v}, where (vy,v}) = 1. This proves the
existence and uniqueness of the form. To prove that it is symmetric, we need to
show that A* = A. Clearly, A* = (A for some ¢ € C; thus (v,w) = ( (w,v).
Taking v = w = v, shows that ( = 1, and symmetry follows. O

We will now look at (-,-) on My[\ — ], where v € Q4. Let a;,...,a; be a
basis of {(n_)[—~], and consider the matrix B = (b;;),bi; = (a;va,a;va). Let
F,(\) = detB. As a function of A, F,(\) is independent of the basis, up to scaling.
Then {A such that M)y is not irreducible} = U, ¢cq, \ 10} {A such that F,(X) # 0}.
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Definition 2.45  The Kostant partition function is P : Qy — Zy, where
P(v) is the number of representations of v as a sum of positive roots. (Here
representations that differ merely in the ordering of summands are regarded as
identical.)

Notation 2.46 We will write

p:%Za€P+.

acR4

Definition 2.47  Suppose {a;} is a basis of g and {a’} is the dual basis of g
(with respect to the invariant inner product). We define the Casimir element to

be C =3, a;a" € 4U(g).
Proposition 2.48  The Casimir element is central.

Proposition 2.49  For a semisimple Lie algebra g and a highest weight mod-
ule V' with highest weight X\, the Casimir operator C : V. — V is equal to
(A A+ 2p) Id.

Proof We have g = h® (Dacra)- Let e, be a generator of g,. We know that if
a €gg,begyand (a,b) # 0, then 8+~ = 0. Thus, (eq,h) =0, (e, e3) = 0 unless
8 = —a, and we can normalize e, so that (e,,e_,) = 1. Now choose a basis x;
of . Let x* be its dual basis. Then the x; and the e, form a basis of g and x* and
e_, form the dual basis. So the Casimir element is C =", xixt + 3 €ae_q-
Now

a€eR

Cvy = E XXV + g €ne_a Vi

i a€eR

- Z)\(xi))\(xi)v,\ + ) et ava

a€R4

= (N A) vy + Z (e—a€a + ha)va where hy = [eq,e—0] €
a€R4

=ANVA+A| D ha | va

acRy
— (N Vst (0 20) v
= <)‘a A+ 2p> V-

The result follows since V' = i(g)v, and C is central. O
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For v € Q4, we will now consider F(\), the determinant of the Shapovalov
form on My[A —7].

Lemma 2.50  F,(\) is a product of linear polynomials of the form

</\+p76>_%<67ﬂ>7 ﬂerL\{O}

Proof If F,/(\) = 0 for some 7/, then M) is reducible. Let us take Jy C My,
and consider any maximal weight of Jy, say A— 3,8 € Q4 \ {0}. Let u € Jy be a
vector of this weight. Then e;u = 0, h;u = (A—3)(h;)u. So Mx_p = t(g)u C My;
hence, C|,, = C[,, . Therefore,

which simplifies to (A + p, 5) = % (8, B). This completes the proof. O

Proposition 2.51  If A € b* is such that (A + p, o) # 5 (o, ) for all o« € Ry
and for all positive integers n, then My is irreducible.

Proof In view of Lemma 2.50, it remains to show that the elements ~ that
we get are multiples of roots. To see this, we will calculate the highest degree
term of F,()), and see that it is proportional to a product of (A, ), € Ry.

Let oM, a® ... a®™) be the positive roots of g, and for n = (n1,n2,...,nN),
write f* = fs(ll)fgé) ~~~fZ(’§V). Let anm = (f™va,f™vy). Then
det(anm) = Z signo H (n,on-
ag n
It is easy to see that the term corresponding to o = Id has a higher degree
that the others. So the highest degree term is determined by the summand with
o = Id and hence equals [, [[,cr, (A, a)"*. The result follows. O

In fact, one could prove the following result:
Theorem 2.52 (see e.g. Ka¢ and Kazhdan (1979))  We have
O n P(y—na)
F,(\) =c H H(()\+p7a>—§<a,a>> .

a€R+ n=1

Remark 2.53  The product in Theorem 2.52 is in fact finite since P(y—na) =
0 for n > 0.

Lemma 2.50 and Proposition 2.51 imply the following corollary.
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Corollary 2.54 M, is irreducible for generic \; more specifically, M) is irre-
ducible if and only if for all positive integers n and o € Ry, we have (A + p, ) #

n

5 (o, ).

Example 2.55 In sly, the only positive root is a = 2, and thus p = 1. So M
will be irreducible if and only if (A4 1,2) # % (2,2) for all positive integers n.
Since we have (z,y) = %xy, the above condition is equivalent to A + 1 # n for
all positive integers n; therefore, M} is irreducible for A #0,1,2,.. ..



3

INTERTWINERS, FUSION AND EXCHANGE OPERATORS
FOR LIE ALGEBRAS

3.1 Intertwining operators

Definition 3.1  Given two representations Vi and Vo of a Lie algebra g, we
can define the tensor product Vi ® Vo to be the representation of g given by the
formula

e (@) =Ty (@) @1+ 1®my,(a) for alla € g;

in other words, a(v1 ® v2) = avy @ V2 + v @ avs.

Definition 3.2  Let V be a finite-dimensional representation of g. The expec-
tation value map is the map (-) : Homg(My, M,, ® V) — VX — p] given by

(@) = (vi, ®vy) = (v @ 1d)(®vy),

where v;, € M, satisfies v}, (v,) = 1, v}, (w) =0 for wtw < p. (wtz denotes the
weight of x.)

Thus ®vy = v, @ (P) + >, a; ® b;, where wta; < p,wtb; > A — p.

Lemma 3.3  If M, is irreducible, then the expectation value map is an iso-
morphism of vector spaces.

Proof In this proof, Y* will denote the restricted dual of Y; i.e., the direct sum
of the duals of the weight spaces.

Homg (M, M, ® V)
= Homyg, (A, M, ® V') by Frobenius reciprocity
= Homb+()\®M* V) since Hom(X,Y ® Z) = Hom(Y* ® X, Z)
= Homy._ (M, (~X) & V)
(

= Homy_ M*‘” A®V*®) where w is the Cartan involution.

Since M), is irreducible, the Shapovalov form defines an injection M, — M;*.

This injection is actually an isomorphism (since the weight spaces of M, and
M;* have the same dimension). Thus,

26
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Homy (M,j“’, A®@V¥) =Homy (M,,A®@ V%)
= Homy (p, A ® V) by Frobenius reciprocity
= Homy (1 — A, V¥)
= Homy(A — p, V)
= VIA—p.

O

Corollary 3.4  If M, is irreducible, then for all homogeneous v € V, there
exists a unique intertwining operator ® : M, 4w — M, @V such that () = v.

Notation 3.5  The intertwining operator ® in Corollary 3.4 will be denoted
by ®°

ptwto-

3.2 The fusion operator

Let V, W be finite-dimensional representations of g. Fix a generic A. Let v, 5 € b*,
and w € W[y],v € V[§]. The assignment

w,v — (( g ® Id)®5) € (W V)[y+ /]
is bilinear, so it extends to a linear map W[y]@V[3] — (W®V)[y+5]. Combining
these maps for all v, 3, we get a linear map Jyyy(A\) : WV - W V.

Definition 3.6  The Jw v (\) that we just described is called the fusion oper-
ator or fusion matriz.

Proposition 3.7

1. Jwv (N) has zero weight: for any weight §, Jwv (X) maps (W @V)[d] into
itself.

2. Jwv () is lower triangular with respect to the weight decomposition, and
has ones on its diagonal. That is, Jywy(A\)(w @ v) =w @ v+ ), ¢; @ by,
where wt¢; < wtw,wtb; > wtwv, for all homogeneous v, w. In particular,
Jwv (A) is invertible whenever defined.

3. Jwyv(A) is a rational function of .

Proof Properties 1 and 3 are obvious.
Proof of Property 2. We have

OIVy = Vacwto ® U+ Z a; ® by,
where wta; < A —wtv and wtb; > wtv. We now apply ®}_ ., ® Id and get
( E\U—wtv ® 1)(I)KV/\ = Va—wtv—wtw @ W QU+ Z (I)Sﬂ_wt(v)ai ®b; + IWt,

where “lL.w.t.” denotes lower weight terms in the first component.
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Thus,
Vi\fwtvfwtw(( 7S\l}fwtv(g)l) KV)\):’U)®’U+ZC7;®I)Z’,

%

where wt¢; < wtw,wtb; > wtov, and this completes the proof. O

3.3 The dynamical twist equation

Let V, W, U be finite-dimensional representations of the Lie algebra g.

Theorem 3.8  Fusion operators satisfy the following dynamical twist (2-cocycle)
equation in V@ W QU:

T o VIR (A = 1) = T35 o (N TR V),

where JEy (A — h3)(v @ w @ u) def (JywA—wtu)(v®@w)) ® u (“dynamical
notatwn”)

Proof We first note that since Jyw (A)(v @ w) = (@}

§ e @ 1d)OY), we have
eI — (@%@ 1d)®Y.
We will now compute the threefold composition
(DY e @1 @) (DY, @ 1d)BY : My — Myt st ot ® VO W @ U
in two different ways. On the one hand,
(@Y., @)oY = (I)iWU(A)(wQQU)
and thus

( K—Wtu—wtw ® Id ® Id) (( A—wtu Y |d)(I)“)

= ( K—wtu—wtw ® Id ® Id) JWU A>(w®u>
_ @iV,W@U()\)(U(@JWU()\)(w®u)),

)

on the other hand,

( wat u—wtw ® Id ® Id)( 7i)fwtu ® Id) = (I)i‘ivm‘:t(iivvt u)(”®w) ® Id
and hence

(( watufwtw & Id ® Id)( f\ufwtu ® Id)) P
_ ((I)JVW(/\fwtu)(v@w) ® |d)‘I)7/<

A—wtu
_ (I)JV®W~U(/\)(va()\7Wt u)(v®w)®u)
=&, .

Thus, we get
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)

o NWaTwwsn) _ glvew.o W)y (e
applying (-) to both sides gives

Jvweu(A) (V@ Jwu(w @ u)) = Jvew,u(A) (Jyw (A —wtu)(v @ w) @ u),
for all v € V,w € W,u € U. Therefore,

T e W T (N) = R () (A= %),

as required. O

Notation 3.9 Let P : WV — V ® W denote the permutation operator,

and let J2y(A) : WRV — WV be defined as follows: J&;, def ProJyw (N)Pra.
We can then define the following operators on V@ W @ U:

TV (A —h?) o Po3 Ji2 (A — h®) Py and
JE (A = hY) PPy I (A = h?) Pag P,

Other fusion operators can be defined in the obvious way; e.g.,

13,2 def 12,3
JV®U,W()‘) = P23JV®U7WP23'

Corollary 3.10

T w N IF (A = h2) = T (NI ().

Corollary 3.11

Toemu v IR = hY) = T8 o (VI ().

3.4 The exchange operator

Definition 3.12  An R-matriz on a vector space V is an invertible linear op-
erator R:VQV —V ®V such that on V @V @V we have

R12R13R23 _ R23R13R12. (31)
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Equation (3.1) is known as the quantum Yang—Baxter equation. In this section,
we will define the exchange operator and prove that it satisfies a generalization
of Equation (3.1), known as the quantum dynamical Yang—Baxter equation.

Definition 3.13  The exchange operator Ryw (\) : VQW — VW is defined
by the formula

Ryw(A) = JywN) " v (A).

Proposition 3.14  Suppose v, w are homogeneous vectors such that

Ryw (M) (v ®@w) Zw@wl

Then,
( A— wtv®ICI ZPH /\ wt w; ®|d)(1)y'iP12.

Proof The left-hand side is
(DY, @ 1d)BY = Wy M (wew),

The right-hand side is

ZP12(@§i—wtwi ® |d)(I)1)\U1P12 = Py Z (@iVW()\)(’Ui@UM)) Py

3

= P @y Wivw e p,
_ (I)Plszw(A)va(A)Plz(U)@v)
A

_ (I)iwv()\)(ﬂ”@v)

Thus the two sides are equal. O

Theorem 3.15 (quantum dynamical Yang—Baxter equation)  Let V,W,U be
finite-dimensional representations of a semisimple Lie algebra g. The exchange
operator satisfies the following equation in V@ W @ U:

Ry (A= W) Ry (MR (A — b') = Ripy (MR (A — B Ry (A). (3.2)
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First proof, using the dynamical twist equation On the one hand, we
have

RiZy (A — B3R, (A RE (A — hY)
—1 —1
— TR (A =B T (= BT ()
TEA NIy — BN IR (N - Y, (3.3)

by the definition of the exchange operator. Using Theorem 3.8 and Corollary
3.11, we see that

TRy = 1) = TR )T IR )T RS (), (3.4)
71 P
Tay (A= B3) = T8 0 (N T er NIV (), (3.5)
P —1 p _ < _ E
TR =0 = T )T I e N T s (V) (3.6)
and
- —1
TRy (N =0 = Tk v (N Toiew (VT (V). (3.7)

Substituting (3.4), (3.5), (3.6) and (3.7) into (3.3), we obtain
Rz A=h) RPN Ry (A=hY) = J3u () 0 e V) T I ew V)R (V).
On the other hand, we have )
RE G (VRY, (A — W) R, (V)
= TN IR I = )T R (= h) IR ()T R (). (3.9)

Using Corollary 3.10, we see that

_1 - _ _ <
TEA =127 = TR () T e N T R (V) (3.10)
and
-1
TN =02 = T3 (N T ew (NI (V). (3.11)

Substituting (3.10) and (3.11) into (3.9), we obtain

-1 _
R (NRYy (A = W) RiAy (A) = Jitp (\) J\I/’,?/[S@U(/\) 1J(?}7,%/2®W()\)Jv21}v((/\)- )
3.12
Comparing (3.8) and (3.12), we find that
Rifw (A = B Ry (M Ry (A = 1Y) = Rgy (MR (A = ) RiZy (V),

as required. O
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Second proof We will first introduce new notation. Suppose Vi,...,V,, are
representations of g. For z € (Vi ® --- ® V,,)[A], we will define ®f , : My —
My_g®@Vi®---®V, so that

O3 = (PR, oty @ 1@ @) (R @ 1d)DYT

A—wt vy,

whenever v; € V; are homogeneous vectors such that >, wtv; = 3, and <I>§\1: 72 =
oY, + @7 forall 21,20 € V1 ® - Q@ V.

(I)ivl Va M)z

For example, ®f , = . Thus, Proposition 3.14 can be restated as

wRV __ R (X\) P2 (w®v)
q)A,Q = P12@>\’2 .

Thus we have, on the one hand:

V1 @Ua@Us R?3(X\) P23 (v1 ®v2®@v3)
CI>/\,3 - P23(I),\,3
RZ(A=h3) P12 R*3 (\) Pag (v1 Qua®@v
— P23P12©A73( ) 12 ( ) 23 1 2 3)

_ P23P12P23®R23()\)P23 RIQ(A—}Z3)P12 RQS(A)ng(Ul ®’U2®’U3)
- A3

28 (\YRI3(\—h2)R12(\) Pon Py P

_ P23P12P23q)i3( YR ( )R (X) P23 P12 P23 (v1 ®ua®u3)
_ R*3 (M) R (A—h?)R'?(\) P13(v1 ®v2@v3)

= P13<I))\}3 .

On the other hand, we see that

v1 QU2 ®v3 __ R'2(A—h3) P12 (v1 @v2@v3)
CI>>\73 - P12¢’,\,3

_ P12P23¢f23(A)P23R12(Ath)Plz (’Ul ®’U2®’U3)
- ,3

o P12P23P12(I)R12()\—hB)PlngB()\)ngR12()\—h3)P12(v1®v2®v3)
= A3

B P12P23P12(I)R12()\—h3)R13()\)R23()\—hl)PlgP%Plg(v1®v2®v3)
= 2,3

= P13‘I’1;§ (M) R¥B(A=h?)R'2(N\) P13 (v1 QuaQu3) .

Comparing the two, we obtain
RB(ANRB(\ = hH)R™Z(N\)Pi3 = RB(NR¥ (N — h?)R¥(\) P,
and the quantum dynamical Yang—Baxter equation follows. O

It should be noted that the first proof, unlike the second, relies only on the
fact that fusion operators satisfy the dynamical twist equation. Hence, it can be
generalized to any situation when this equation is satisfied.

Definition 3.16  Let h be a finite-dimensional abelian Lie algebra, and V =
Gucy-Vpl a diagonalizable finite-dimensional h-module. A quantum dynamical
R-matriz is a meromorphic function

R:b* — Endy(V V)

which satisfies (3.2), the quantum dynamical Yang—Bazter equation.
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Example 3.17 Let g = slp; then h* = C. Take V to be the two-dimensional
irreducible representation of g; we may write V = Cv;. @ Cv_. We then have

hvy = vy, hve = —v_jevy =0,ev_ = vy, foy =v_,fo_ =0.

We would like to compute Jyy (A) and Ryy (N).
We note that V' ® V' has a basis consisting of four elements:

vy @ vy (of weight 2),
vy @ v_ (of weight 0),
v_ ® vy (of weight 0),
v_ ® v_ (of weight —2).
Now we know that the fusion operator is lower triangular with ones on the
diagonal; hence, each of these four basis elements must be fixed by Jyv (M),
except vy @ v_.
So we must compute Jyv (A)(v4 @ v-). We have

<I>K‘ Vi =Vt @u_ +a(AN)fvayr @ vy,
for some function a of \. We then note that

v
<Vf\ ® Id7 (I)A11VA+1> = Uy,

and
<v§ ® Id,QKilfv)\+1>
= (viold,(f@Id+Idof)®% Vi)
= (vi®@ld,(Id@f)® % var1) since (v3,fw) =0 for all w € My
= f<v§ ® Id, @Kilv)\+1>
= f’U+ =v_.
Therefore,

JrvN (s @) = (Vi@ ld@ld, (857, @1d)2] va)
= (vi®@Ildeld, (23, @ 1d)(var1 @ v- + a(A)fvay @ vy))
=vy ®@u_ +a(N)v- Q@ vs.

Finally, we must determine a(\). We see that

v

0= (I>/\ eV
= e(I)K’ Vv
= e(vay1 ®v-) +a(Ae(fvay ®vy)
=evya1 Qu_ +Vap ®ev— +a(N)(efvypr @ vy + v @evy).

But evyi1 = evy = 0,ev_ = vy, while ef = h+fe and hvyy; = (A + 1)vagq, so
we obtain



34 Intertwiners, fusion and exchange for Lie algebras

0=vas1 ®v+ +a(AN)(A+1)vap1 @ v

Hence,

0=14aN)(A+1)

Therefore, we conclude that

Jvv(vy ®v_) =vp ®v_ + P & vy
So we see that we can write
1 0 00
01 00
[Jvv(A)] = - ,
0 ,\+11 10
0 0 01

where the ordered basis of V ® V is

(U-'r & Vi, Uy ®U—7U— & UV, V- & U—)'

Therefore,

[Ryv (V)] = [Jvv (NI V] = [Jvv Q)] vy (V)]T

10 0 0
0 1 -0
“lo-L11 _)\+11 0
A+1 (A+1)2
0 0 0 1

3.5 The ABRR equation

Let g be a semisimple Lie algebra. To each A € h*, we can associate A€ bso
that A!V[#] = (A, p) Id. We let {x;} be an orthonormal basis for h, and for each

a € R, we pick e, such that (e,,e_,) = 1.

Theorem 3.18 (ABRR equation, Arnaudon et al. (1998)) Let V., W be any
finite-dimensional representations of g, and let 0(\) = A+ p — 25, x2 € 8i(h).
Then,

[Tvw (M), 1d@0N)] = > (e—a ®ea) v (N). (3.13)
aceRy
Moreover, Jyw () is the unique solution of (3.13) in Endy(V @ W) of the form
ld+ 350050, ¢ @, where ¢ € (End V)[—B], 4/ € (End W)[A).
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Proof We look for a solution of (3.13) of the form

mg

Id+N(A) where N(A Z Z ¢ﬁ ® w € (End V)[4, ¢§3 € (EndW)[3].

B>075=1

We have [N(\), 1d @0(\)] = (Zaem e a® ea> (Id +N(\)). Thus,

ad(ld ®0(\))N ( Y eaw® ea) (Id+N(N)).

acR4

We claim that, for generic A, the operator ad @(\) : (End W)[5] — (End W)[f] is
invertible for all # > 0. To prove this, we note that

0N lwpy = (A +p7) =5 () Id,

and that for generic A\, we have

A+p,7) — 3 (v1.m) # A+ p,72) — 3 (72,72)  whenever v; # 7.

This implies that the operator
adf(A) : Home (W], W[y2]) — Homea (W m], W(r2))
is given by

(72,72)

Y,
ad 9()\)|Homc( Wiv1],W[yz2]) <<A +p, 2> T — <)\+p’ ’71> + < 12 1>> Id

and hence is invertible whenever ~; # v,. But
(End W)[3] = & Hom(W [+, W[y + 5]),
so adf(\) is invertible on (End W)[5] whenever 5 # 0. So we can define an
endomorphism of the space EndV[§] by the formula
AX)=-(1®@@dd(N)™) D (ea ®eq)(l+X).
a€Ry

It is easy to see that N(A) is a solution of (3.13) if and only if N(A) = A(N(N)).
So we must prove that A has a unique fixed point of the form

N=Y Y lep! ¢ e EndV)[-6v] € (EndW)[d].

B>0j5=1

To see this, we define the height of 5 € Qi (denoted ht(3)) to be the largest
number of positive roots that sum to 3. We then note that for all m > 0, and
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mg
X=>¢]ov, ¢ cEndV)[-p,4] € (EndW)[d],

B>0j=1
one has
A™(X) = A™(0) + terms in (EndV)[—0] ® (End W)[5], with ht(8) > m.

Since V, W are finite-dimensional, it follows that, as m — oo, A™(X) stablilizes
to an element of @eq, (End V)[—3] ® (End W)[5], and that this element is inde-
pendent of X . It follows that A has a unique fixed point in ®geq, (End V))[-f]®
(End W)[3], and this completes the proof. O

Proof that the fusion operator satisfies (3.13) Recall the Casimir oper-

ator,
C= Z (eae_a + e—aeoz) + lez’

aER+
where {x;} is an orthonormal basis of h. Since [e,,e_o] = @, we see that
C=2> e aeat+2p+» % (3.14)
acRL [

Now let V, W be finite-dimensional representations of g, and let v € V,w € W
be homogeneous elements. Define

F()‘) = <U;7wtwfwtv ® Id? ( watw ® |d>(C ® Id) 1)\UV>\> .

We will compute F()\) in two different ways.
On the one hand, we know that C acts as a scalar on M _yt«; thus,

FO\) = (A —wtw, A —wtw + 2p) Jyw (\) (v @ w). (3.15)

On the other hand, we can compute the same quantity using expression (3.14)
for C:

F(/\) = <U§\—Wtw—wtv ® Idv( 1))\—wtu) ® Id)

Z2e,aea+2ﬁ+2x? ® Id <I>§"v,\>

a€Ry i
= (V) _wtw—wto @ 1d, (A+ B+ C) (D5 _ o, @ )PV V), (3.16)
where
A =2(e_a)1(ea)1 + 2(e—a)1(ea)2 + 2(e—a)2(ea)1 + 2(e—a)2(ea)2,
B = 2p; +2po,
C= Z(Xi)l(xi)l + (%) 1(xi)2 4 (xi)2(xi)1 + (%i)2(xi)2,

K2
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and subscripts 1, 2 stands for the component in which the corresponding element
acts. We then note that for all u € M)_wtw-wto,w € W,v' € V,a € R, we have

(V3 —wtw—wto @1d, (e_a)1u®@ v @ w') = 0. (3.17)
Also, for all a € R, we have
0= (PX_wiw @1d)PYVeavr = ((ea)1 + (ea)2 + (€a)3) (PR _wiw @ 1d) PV vy,
and hence
((ea)1 4 (ea)2) (PX_wtw @ 1d)PX VA = —(ea)3(PX_pt o ® Id)PY V. (3.18)
We also note that

<)‘ p> ( A—wt w ® |C|)CI)3\UV)\ = ((I)watw ® |d)(I)’f\UﬁV)\
= (ﬁl +p2+ ﬁ3)(q)g—wtw ® |d)(I)7>\ﬂv/\

= (ﬁl + 52)(©watw ® |d)(I)3\UV)\ = ((I)K wt w Y Id)(I)KJVA (319)
We also have

((I)K wtw®|d)¢'3\u <)‘7/\>V)\ —( A— wtw®|d @wa V)

=5 () 1+<xi>2+<xz->3>2< {wtw © 1d)EL V).

Thus,

3 ()1 + (0)2)? (B ey @ 1) DYV

i

= Z(((Xi)l + (xi)2 + (x:)3)” + (x)3 — 2(x:)3 ((xi)1 + (x:)2)(x:)3))

X ( K—wt’w ® Id)(I)B\UV)\
= <</\7 )‘> + Z(Xl)g) )\ wtw @ Id V,\ -2 Z X’L )\ wtw @ Id)q))\ XiVA

= ((/\7 A+ Z(Xz‘)g) (PN i @ 1d) DYV (3.20)

- 2Z(Xi)3>‘(xi)(@’i—wtw ® Id) B\Uv)\'

P

Hence,
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<’U>)k\wtwwtv ® Id? Z ((Xi)l + (Xi)2)2 ( watw ® |d)¢'yV}\>
= (()\, A+ (Id® Zx?) —2(Id ®Z\)> Jyw (N (v @ w). (3.21)

Using equations (3.17), (3.18), (3.19) and (3.21), (3.16) becomes

F(\) _< (Z e_a®ea>+<)\,)\+2p>

a€eRL
—2(ld®@(\ + p)) + (Id@Zx ) )JVW )(v @ w). (3.22)
Equating (3.15) and (3.22) gives

(% (wtw, wtw) — (wtw, A + p)

+ > ea®@eq + (Id@O(A ))) Jyw (N (v @ w) =0,

a€Ry
and hence
Z e_a®eq | Jyw(N)(v@w)
a€Ry
= (Id@0(\) Jvw (A) (v @ w) — Jyw (A)(Id @0(N)) (v @ w).
This completes the proof. O

3.6 The universal fusion and exchange operators

Proposition 3.19  There exists a unique solution J(X) of the ABRR equation
of the form

Id +(Z(Wt < 0)® (wt>0))
in a completion of ((ny) @ LU(b_))".

Proof Similar to the proof of Theorem 3.18. O

Definition 3.20  This universal solution of the ABRR equation is called the
universal fusion operator, denoted J(\).

Definition 3.21  The universal exchange operator is R(\) = J(A)~LJ?1(\).
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Example 3.22  Let us calculate the universal fusion operator J(A) for g =
sly = (h,e,f).

We can write J(A) = > Jn, where J,, € {(g)[—2n] ® LU(g)
note that for sly, we have A\ = —)\h p=1p= 1h and x1 = \/L—

[2n], Jo = Id. We
h. hus

6(\) =3 (A+1)h—3h%).
From this it follows that [J(A),1d @3 ((A+ 1)h — £h?)] = J()), and hence
[T, d®@% (A +1)h — 3h?)] = (f®e)J,—1 foralln>1. (3.23)
Now,

[e", (A4 1)h — 1h?] = —2n(A +1)e" + 1[h?, "]
= —2n(A +1)e" + 5 (h[h,e"] + [h,e"]h)
= —2n(A+ 1)e" + nhe” + ne™h
= (=2n(A +1) + 2nh — 2n?) "

From this and from (3.23) it follows that

(f@e)Jn1 = [Jn,ld®3 (A+1)h— 1h? )]
=-n(ld®A\A+1—-h+n))J,

Hence,
1 1
n=— (fo e Ju,
/ <®)\+1—h+ > !
and so
(=" - 1
n = fr "
T = ®j1:[1/\+j—h+ne
Therefore,
S S
= A _ - ™
T T;) ! ®j1;[1)\+jfh+ne

Remark 3.23 IfV =W = C?, then f2 =¢2 =0, so

1
J(”U+®’U,): <1f® me) ('UJF@”U,)
=vy @u_ — )\+1(v_®v+).

This agrees with the result obtained in Example 3.17.
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QUANTUM GROUPS

The material in this chapter is standard. It can be found in textbooks on quantum
groups, such as Kassel (1995), Etingof and Schiffmann (2002), Jantzen (1996),
Lusztig (1993).

4.1 Hopf algebras

Definition 4.1 A Hopf algebra H over a field k is a vector space over k along
with five operations:

e m: H®H — H (multiplication),
A:H— H®H (comultiplication),
i1:k—H (unit),

e:H— k (counit),

S:H — H (antipode);

satisfying the following seven axioms:

1. (m®Ild)m = (Ild ®m)m,

2. m(ld®i) =m(i®Id) =Id,

3. (A®IdA = (IdRA)A,

4. (exId)A = (ld®e)A =1d ,

5. m(ld®S)A =m(S®Id)A =iok,

6. A:H— H®H is an algebra homomorphism,
7. € : H — k is an algebra homomorphism.

Example 4.2  Let G be a finite group, and let H = F(G) be the set of maps
from G to C. We know that H® H = F(G) ® F(G) = F(G x G). Let m
be multiplication of functions, i(1) = 1, A(f)(g,h) = f(gh),e(f) = f(1lg) and
(Sf)(g) = f(g~'). Then H is a Hopf algebra.

Theorem 4.3  If H is a finite-dimensional commutative Hopf algebra over an
algebraically closed field of characteristic 0, then H = F(G) for a unique finite
group G.

In light of this theorem, we will need to drop the commutativity assumption
in order to obtain more examples.

40
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Proposition 4.4  Let (H,m,i, A ¢,S) be a Hopf algebra. Then
(H*v m*v i*v A*» 6*7 S*)v

where my, = A* A, =m* S, =S*, 1, =€, e, = 1", is also a Hopf algebra.

Example 4.5 If H= F(G) for some finite group G, then H* is the group al-
gebra k[G], with m, = multiplication in k[G], i.(1) = 1¢, Ax(g) = g®g,€.(g) =
1,S.(9) =g ! for all g € G.

Because of this, we make the following definition.

Definition 4.6  In any Hopf algebra H, a nonzero element g € H such that
A(g) =g ® g is called a grouplike element.

Example 4.7 Let g be a Lie algebra, and let H = §l(g). Let m be the usual
multiplication in U(g), i(1) = 1y(g), A(x) =x®@1+1®x,€(x) = 0 and S(x) = —x
for all x € g. Then H is a Hopf algebra.

Notation 4.8  A°P s the algebra homomorphism defined as follows: if A(a) =
Yo bi ®ci, then A (a) =3, ¢; ®b;.

Proposition 4.9  In any Hopf algebra H, S : H — H is an algebra and
coalgebra antihomomorphism; that is,

S(ab) = S(b)S(a) and AS(a) = (S ® S)A°P(a) for all a,b € H.

Remark 4.10 In the examples that we have seen so far, we have S? = Id;
however, as we will see, this is not always true.

4.2 Representations of Hopf algebras

Given a Hopf algebra H, consider the category RepH of left H-modules (here
we regard H as an algebra, taking only m and ¢ into consideration).
We can use the additional structure of H to define the following.

Definition 4.11  Given vector spaces V,W and representations wy,my, we
can use A to define the tensor product of representations on V@ W: mygw :
H— End(V@W)=ZEndV ® EndW is defined by myew = (my @ ) A.

Obviously, this generalizes the definition of tensor product for groups and Lie
algebras.
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Proposition 4.12 (VW)U = Ve(WU) for all representations V, W, U
of H.

Proof This is a simple consequence of axiom 3. O

Definition 4.13  Using €, we can define the trivial representation:

Vir = C,my,, (2) = €(2).

Proposition 4.14 V;, @ W =W =W @ Vi, for all representations W of H.

Proof This is a simple consequence of axiom 4. O

Definition 4.15  Using S, we can define the dual representation: given a rep-
resentation my on a vector space V., we define my+ 1 V¥ — V* by wy«(x) =

(v (S()))"

Remark 4.16 If S is invertible, we can define the left dual,
mev(z) = (mv(S™H(2)))".

Because of Remark 4.10, this is not the same as the dual of Definition 4.15.
We will then have *V* = V. However, in general, V** £ V.

4.3 The quantum group H,(sl2)

Let us consider sly. We have h, e, f € sly such that [h,e] = 2e, [h,f] = —2f, [e,f] =
h. Ch = § C sly is the Cartan subalgebra. Let « € h* be the unique positive
root. Let q € C,q # +1.

Definition 4.17  The quantum group i,(slz) is generated by E,F,q*(x € ).
The relations are

g =qq, =1, ¢Eq*=q*™E, gFq*=q *®F
h_ . —h
qg —q
and |E,F]=——.
E.F] q-q!
We can formally calculate the following limit:
y g —qh
1m - 1
q—1 q—q
thus, 4q(sl2) should be thought of as a deformation of #(sly). Later, we will
make this idea more precise.

:h'

)
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Theorem 4.18  There exists a unique Hopf algebra structure on Uq(sl2), given
by

q) =q*®q~ (thus g* is a grouplike element);
E)=E®q"+1®E;

F)=F®1+q"®F;

(@) = 1,¢(E) = €(F) = 0;

and there is only one way to define the antipode map.

A(
A
A

We will calculate the antipode, knowing that m(S ® 1)A(a) = i o e(a) =
m(1l ® S)A(a) for all a in a Hopf algebra.

Proposition 4.19  Let H be any Hopf algebra, and let g € H be such that
A(g)=g®g and e(g) = 1. Then S(g) =g~ L.

Proof 1 =io0e(g) =m(S®1)A(g) = m(S®1)(g ® g) = S(g)g. Similarly,
1 = gS(g). Therefore, S(g) = g~ *. O

Computation of the antipode map In i,(slz), we have (by proposition
4.19) S(q*) = (g°)"' = q7*. We also have 0 = io¢(E) = m(S ® 1)A(E) =
m(S(E)®q"+1®E) = S(E)q"+E; thus, S(E) = —Eq~". Similarly, S(F) = —q~"F.

O

Remark 4.20 We also have S?(q*) = S(q7*) = q5,S?(E) = S(—Eq™") =
—S(qg™MS(E) = q"Eq", and, similarly, S?(F) = q"Fq~". Thus, S2 = ad(q")
(conjugation by q"). In particular, S? # Id.

4.4 The quantum group q(g)

Let g be an arbitrary simple Lie algebra, and let A = (a;;) be its Cartan matrix.
Recall that there exist unique relatively prime positive integers d;,i = 1,...,7
such that d;a;; = dja; ;. (In fact, we have d; = 2/ (o, o), where (-, ) is normal-
ized so that (0,0) = 2.) Let q € C,q # £1. Choose a value of log(q), and for

def
any number or operator A, set g4 = eA10s(),

Definition 4.21  Let x € C.
e The q-analog of x is

q —T
Tlg = ————.
[ ]q q _q_1

e The q-analog of the factorial is

[n]q! = ﬁ[l]q _@-q) (g - )

_ a1
1 (@=a7h)"
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Definition 4.22  The quantum group ,(g) is generated by E;, Fi, q*(x € b).
The relations are

" =q'q’,¢" = 1,q"Eiq = " WE;, ¢ Fig ™ =g~ ",

(B, F] = 5ijW7 and the q-Serre relations:
S (_1)k 1—a;;—k ko
;;) (klg![1 — ai; — k]q!Ei " URE =0, (4.1)
and
3 (_1)k l—ai;j—k ko
,;0 [klg![1 — aij — k]q!Fi FiFi =0. (4.2)

One may ask why we say that (4.1) and (4.2) are deformations of the Serre
relations. To answer this question, denote by L., R, the operators of left, respec-
tively right multiplication by a € g in 4(g); then the usual Serre relations can
be written as

0= (ade;) e
= (LEi - Rei)l_aijej
- 1§j (=D (L = ai)! ; 1-ai;-
=0 k"(l — Q45 — k‘)' ‘

1—ay;

k pk
Reiej

(DR = ai)! e,k
(L —ay — k) oeje (4.3)
k=0 ij

Clearly, (4.1) is obtained from (4.3) by replacing each factorial by its q%-analog.
This explains why (4.1) is a deformation of (4.3), and a similar argument can be
applied to (4.2).

It may seem like we could have defined the g-Serre relations in another way,
but it is not the case. We cannot define the ideal of g-Serre relations in any other
way if we want the PBW theorem to be satisfied.

4.5 PBW for 4(g)

In the case of a Lie algebra, we have a decomposition
g=ny 2 b S n_,
and the PBW theorem says, in particular, that the multiplication map

Unp) @Uh) @Un_) — U(g), a®b®cr— abe
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is an isomorphism (in any of the six possible orders). For quantum groups, we
define

Yony) = (Bri=1,...,r), ()= (Fi=1..7), b =(qxch).

Then we have the following.

Proposition 4.23

1. The multiplication map
y(n3) © Uy (6) ® Uy(n_) — Uy(g), a®b® e abe

is an isomorphism (in any of the siz possible orders);

2. Uy(ny) (respectively U, (n_)) is the free algebra generated by the E; (re-
spectively F; ), modulo the q-Serre relations for E;(F;);

3. Moreover, dim i (ns)[0] = dimU(ny)[O] for all B € Qx. Thus U,(g) is
a “flat deformation” of $A(g).

4.6 The Hopf algebra structure on i,(g)

Theorem 4.24  There exists a unique Hopf algebra structure on Uq(g), given

by
e A(Q")=q"®@q";
e A(E) =E; ®q¥" +1®E;
e A(F)=F,®1+q %M aF;
b 6(qh = 176(E’L) = G(F’L) - 07

for allh € h,i =1...r, and there is only one way to define the antipode map:
S(Ei) = —Eiq~ %", S(F;) = —q~*"F;,S(q") = q~".
Remark 4.25 Fori=1,...,r, there is a Hopf subalgebra

ui = <E’L'a Fia qthiat € C> )

which is isomorphic to a; (slz).

Proposition 4.26  S? = Adq?”.

Proof For h € b, we have S%(q ) =S(q7") =q". Fori = 1,...,r, we have
S%(E;) = S(—E;q~%M) = —S(q=%M)S(E;) = dth‘“‘l*qz"Eq’Zﬁ.Simi—
larly, S?(F;) = q*°F;q27. O

In particular, if V is a representation of $f,(g), then q*# : V — V** is an
isomorphism of representations.
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4.7 Representation theory of {,(g)

From now on, we assume that q is not a root of unity.
Recall that in the Lie algebra theory one defines the positive and negative Borel

subalgebras by =ny & h,b_ =n_ § h. Similarly, for quantum groups we define

quantized Borel subalgebras g (b4) dof g (np)thq(h), Ug(b_) o Ug(n2) g (h).

Note that unlike $lq(ns), they are Hopf subalgebras of $q(g).
Let A € h*. There is a map A : 44(by) — C, given by A(q") = g*M \(E;) = 0.

Definition 4.27  The Verma module My with highest weight X is

_ Uq (g)
My = Indy? (&) ) ).

By PBW, we also have M) = g (n_)vy, with a'vy = g*Mvy, E;vy = 0.
The Verma module for l,(g) shares many of the properties of the Verma
module for g.

Proposition 4.28

1. For generic A\, My 1is irreducible.
2. If X € Py, then V), = My /Jy is a finite-dimensional irreducible module.

Theorem 4.29 (Lusztig (1988), Rosso (1988))

1. Any finite-dimensional representation of Uq(g) is a direct sum of irre-
ducible representations.

2. The irreducible representation Vy of Uq(g) has the same character as the
representation Vy of g, for all A € P4.

3. If V is a finite-dimensional representation of Uq(g) with V = Gxep+ V[,
where VA = {v € V,q"v = g*Mv for all h € b}, then V is a direct sum
of Vi, € P4

There is also a Shapovalov form on M) for ${4(g), defined similarly to the
case of U(g). Its determinant is given by a formula similar to the q = 1 case
(see de Concini and Kag¢ (1990)). This formula implies that for generic A, M) is
irreducible.

Example 4.30 (Uq(slz2))  We have My = (vi,Fvy,F2vy,...). The action of
L[q (5[2) is:

o FFFvy = Frtlv,;

° qtthV)\ _ qt()\f2k) FkV)\;

e EFfvy = ¢,FF~1v,, and we need to compute cg.
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Clearly, ¢g = 0. For k > 1, we have:

h  .—h
EFfvy = (FEF’“‘l +1 -3 F’H) Vi

q-—q!
A—2(k—1) _ 4—A+2(k—1)
= (Ck—l + 3 - c?*l ) FFlvy
g 2(k=1) _ g A2(k-1)
= Ckp = Ck—1 T 1
q9—q
RS
= R
=  a-q
2k L
- q)\ 11,2—2 —q )\qq2711
q—q!
k_ o—kY(qA—k+1 _ o —A+k—1
_ @ —a7")(g q )
(@—q71)?
= [kla[A =k +1]q.

Thus EFfvy = [k]q[A — k + 1]qFF~1vy. We note that [kl = 0 <= q* =
g% <= ¢**=1,and [\ —k+1]q =0 <= X\=k— 1+ (2min/h) for some
n € Z. Therefore,
e If g is a root of unity, then all Verma modules are reducible.
e If q is not a root of unity, then M, is irreducible if and only if A #
k—14 Q2min/h),k € Zy,n € Z. If A # k — 1+ (2min/h), then there is a
finite-dimensional subrepresentation <v)\, Fvy,..., F"’v,\>.

Note again the similarity between M) for sly and M) for H,(sl2): in the former
case, we have effvy = k(A — k + 1)f*~1v,, while in the latter case, we have
EFfvy = [k]q[A— k+ 1]qFF~1v,. For sly, M) is irreducible if and only if A\ ¢ Z .
For $4q(sly), My is irreducible if and only if A # k + (2min/h) for k € Z,n € Z.

4.8 Formal version of quantum groups

We will now take a somewhat different approach to quantum groups. Namely,
we will take /2 to be a formal parameter, and will be working over the ring of
formal power series CJ[[h]]. The parameter q will be defined as a power series:

s B
q=¢"?= Z on € c[[nl).
n=0 '

Definition 4.31  iy(g) is an algebra over CI[h]], topologically generated by
Ei Fi(i:].,...,f'), hgh,

with the following relations:
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o [hE] = ai(h)E;
° [h, Fz] = —ai(h)Fi’

dih; _ —dih;
o [Bi,Fjl =0y m—gma

and the q-Serre relations.

Here, we understand everything involving q in terms of the Taylor expansions:
for example, q@i" = 5> drh?hA™ /270!

n=0 "1 "1

Remark 4.32
Uq(g)/htlq(g) = (g),

since factoring out hitly(g) is equivalent to setting i =0, or q = 1.

Theorem 4.33 i, is a topologically free C[[h]]-module; that is, there exists
an isomorphism of C[[h]]-modules

¢ : 4q(g) — L(g)[[A]]
such that  modh = Id.
A stronger theorem is the following.

Theorem 4.34 (Drinfeld (19900)) ¢ can be arranged to be an algebra iso-
morphism.

This means that g (g) and (g)[[k]] have the same algebra structure, which
explains why the representation theory of 4 (g) is essentially the same as that of
i(g). However, 4, (g) and H4(g)[[h]] have different Hopf algebra structures (namely,
the comultiplications are different), and this is what makes $l4(g) interesting.

4.9 Quasi-triangular Hopf algebras

Definition 4.35 A quasi-triangular structure on a Hopf algebra H is an in-
vertible element R € H® H such that:
1. For allx € H, RA(x) = A°P(x)R.
2. The following hexagon relations are satisfied (in H® H® H):
(a) (A®Id)(R) = R¥R%,
(b) (Id®@A)(R) = R13R'2.
A Hopf algebra H equipped with a quasi-triangular structure is said to be a quasi-
triangular Hopf algebra.

Lemma 4.36  If R is a quasi-triangular structure on H, then so is (R?*)~!.
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Proof For (1), we have, for all z € H:
R2ZA(x) = A% (2)R' since axiom (1) holds for R
= R*™A%(2) = A(z)R*
— (R Ar) = A% (@) (R

thus axiom (1) holds for (R?!)~L. For axiom (2a), we let R’ = (R?!)~!. Then we
have:

(ld®A)R = R¥®R'"  since axiom (2b) holds for R

(A@ |d)R21 R32R31

= (A ld)(R)™" = ((R)*)"H(R))™!

(A ® Id)R/ _ (R/)13(R/)23,
thus axiom (2a) holds for R’ = (R?!)~!. Similarly, axiom (2b) holds for (R?!)~!

O

Definition 4.37 A triangular structure on a Hopf algebra H is a quasi-trian-
gular structure R € H® H such that (R*')~! = R. A Hopf algebra H equipped
with a triangular structure is said to be a triangular Hopf algebra.

Remark 4.38 If (R?')~! = R, then axioms (2a) and (2b) become equivalent.

Proposition 4.39  If (H, R) is a quasi-triangular Hopf algebra, then R satis-
fies the quantum Yang—Bazxter equation:

R12R13R23 _ R23R13R12.

Proof We have

R¥ZR¥®R? = R?(A®Id)(R) by axiom (2a)
= (A°? @ Id)(R)R? by (1)
= (RBR®)!'2R!Z by axiom (2a)
— R23R13R12.

Lemma 4.40 Let (H, R) be a quasi-triangular Hopf algebra. Then,
(e 1d)(R) = (Id®e)(R) = 1.
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Proof We have

R=(e®!ld®Id)(A ®Id)(R)
= (e®Id®Id)(R™¥R?®) since R is a quasi-triangular structure
= (e®Id)(R) - R.

Since R is invertible, it follows that (e ® Id)(R) = 1. Similarly, (Id ®e€)(R) = 1.

The following proposition will be useful later.

Proposition 4.41  Let (H, R) be a quasi-triangular Hopf algebra. Then,
1. (S®I1d)(R) = (Id®S)(R) = R™;
2. (S®Id)(R7Y) = (Id®S)(R™!) = R;
3. (S®S)(R)=R.

Proof 1. Since R is quasi-triangular, we have (A ® Id)(R) = R¥R?3. We
now apply m2(S ® Id ® Id) to both sides:

(my2 @ 1d3)(S® Id®@1d)(A @ Id)(R) = (ioe®Id)(R)
=1 by Lemma 4.40;
(mys ®1d3)(S @ Id®1d)(R¥R?*) = (S® Id)(R) - R.
Therefore, 1 = (S ® Id)(R) - R, and hence (S ® Id)(R) = R~!. Similarly,
(Id®S)(R) = R~ .
2. Since (R?')~! is also a quasi-triangular structure for H, we see that

(Id®S) (R*")"") = R*;

hence, (S ® Id)(R~!) = R. Similarly, (Id®S)(R~!) = R.
3. We see that

(S®S)(R) = (Id®S)(S @ Id)(R) = (Id®S)(R™") = R.

4.10 Quasi-triangular Hopf algebras and representation theory

Let H be a Hopf algebra, and let R € H® H be a quasi-triangular structure. If
V, W are representations of H, then we can define

Ryw = (my @7mw)R:VOW — VW and Ryw = PRyw : VoW — WaV.
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Remark 4.42  For any representation V of H, Ryy : V®V — V®V satisfies
the quantum Yang-Baxter equation.

Proposition 4.43 Ry is an isomorphism of representations of H.
Proof We first check that Ryw is a homomorphism of representations of H
(that is, a morphism in Rep H). It is enough to show that Ry commutes with

A(z) for all z; and indeed we have

vaA(J)) = PRA(J?)
= PA°P(z)R since R satisfies axiom (1)
= A(2)PR.

Since R is invertible, Ry is actually an isomorphism of representations. O

Proposition 4.44 (Functorial property) Let ¢ : V! — Vb : W — W be
homomorphisms. Then, the following diagram commutes:

VW

V'® W’ —WeV (4.4)
¢®wl =T
VoW ——WeV

Proposition 4.45  Suppose V1, V5, V3,V and W are in Rep H.

1. Aziom (2a) is equivalent to the commutativity of the following diagram:

vl RV, W

VieVooW —WaV,aV,. (4.5)
|d®RV2Wl /
Ry, w®ld
VioW eV,

2. Axiom (2b) is equivalent to the commutativity of the following diagram:

Vi®V:

Wen e i, o v, ew . (4.6)

RWV1 ®Id B
Id®@Rw v,

VioWe Vs,
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3. The triangular property (R*')~ = R is equivalent to the commutativity
of the following diagram:

Vew —=vew. (4.7)
RVW\L -

Rwv
Wev

4. The quantum Yang—Baxter equation is equivalent to the commutativity of
the following diagram:

VieVa®Vs - (48)
Va@Vi®Vs VieoVseV,
|d®RV1v3l lRV1V3®|d
Va@ VeV V@ Vi@V,
m M
V@ Ve®@ W

Recall (Bakalov and Kirillov (2001)) that a tensor category (over C) is a C-
linear additive category C with a functor of tensor product @ : C x C — C, and
associativity isomorphism ¢ : (e @ @) ® ¢ — e ® (e ® e) satisfying some axioms
(most importantly, the pentagon identity for ¢).

Definition 4.46 A functorial morphism R : V@ W — W @V in a tensor
category C is said to be a braided structure or braiding if it makes diagrams (4.5)

and (4.6) commute. A braided structure is said to be a symmetric structure if
R? =1d.

Corollary 4.47

1. If (H, R) is a quasi-triangular Hopf algebra, then RepH is a braided ten-
sor category.

2. If (H, R) is a triangular Hopf algebra, then RepH is a symmetric tensor
category.

Definition 4.48 The braid group B, is the group with generators by, ..., by—1
with relations bibj = bjbi, |Z — ]| 2 2 and bibi+1bi = bi+1bibi+1,i = 1, o.on— 2.
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Remark 4.49 We have §,, = B,,/ <b12 = 1>, where &,, denotes the symmetric
group of permutations of n items.

Proposition 4.50

1. Let (C,R) be a braided tensor category, and let V. € C. Then, for all
n > 2, there is a homomorphism ¢, : B, — Aut(V ® --- @ V) given by
—_———

On(bi) = (Ryv)*L.
2. ¢y factors through &,, for all'V (i.e. ¢, = 1d on ker(B,, — &,,)) if and
only if the braided structure is symmetric.

Not all Hopf algebras admit a quasi-triangular structure.

Example 4.51 If G is a non-abelian group, then H = F(G) is not quasi-
triangular. To see this, we note that if R is a quasi-triangular structure, then
R induces an isomorphism V @ W = W ® V, for all V,W € RepH. Now, for
each g € G, let x, be the representation of H such that x4(f) = f(g) for all
f € F(G). Let g1,92 € G be such that gig> # g2g1. Then, x4, ® Xg, = Xg1g. &
Xg2g1 = Xg2 @ Xgi -

However, H* = C[G] is quasi-triangular, with R = 1¢®1¢. This is an instance
of a more general fact: a Hopf algebra H is cocommutative (that is, A = A°P)
if and only if R =1® 1 is a quasi-triangular structure.

4.11 Quasi-triangularity and 4(g)

For the moment, let us think of q as e/2, where i is a formal parameter. We
should now ask ourselves: does the Hopf algebra ilq(g) admit a quasi-triangular
structure? Strictly speaking, the answer to this question is no. However, we
will see that there exists an R which satisfies the axioms for a quasi-triangular
structure in a completion of tq(g) ® HUq(g):

Definition 4.52  Let V[[h]], W[[R]] be topologically free C[[h]]-modules. Then
define

VIRIEWIIR] = (v @ W)[[A].

Remark 4.53  V[[A]]@W/[[R]] is not the same as V[[A]] ® W][[h]] when V, W
are infinite-dimensional. Indeed, if {v;,i € Z;} and {w;,i € Z;} are linearly
independent sets in V and W respectively, then Y, htv; @ w; is in V[[A]]@W[[A]]
but not in V[[h]] @ W[[R]].
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Theorem 4.54  Let g be a semisimple finite-dimensional Lie algebra. Then
there exists R € g (g)®ﬂq (g) which satisfies the azioms for a quasi-triangular
structure (but not the axiom for a triangular structure).

Remark 4.55 We emphasize that R is an element of the completed tensor
product $, (b4 )@y (b_), but not of the usual tensor product iy (g) ® Ly (g).

Example 4.56  Let g = slo. Then the “quasi-triangular structure” on iq(g)
is given by

Ihoh N mee (4 =g )"

R = q zh®h q 2z —

N

N (E" @ F™).

Let us now move from the formal setting to the numerical one; i.e., q € C*,q
is not a root of unity.

Definition 4.57  Let g be a semisimple finite dimensional Lie algebra. A g-
module (or a q(g)-module) V is in category O if it is finitely generated, has a
weight decomposition and q(ny)v is finite-dimensional for all v e V.

Example 4.58  Again, let g = sls. Let V, W be representations of i (slz) in
category O. Then R from Example 4.56 defines a braiding on category O. This
is because for every v ® w € V @ W, all but finitely many of the terms in the
infinite sum will act as zero on v ® w (since V is in category O.).

Now, let us consider the case where V=W = (vy,v_), the two-dimensional

representation with action Ev_ = vy Evy = 0, Fv_ = 0,Fvy = v_, hvy =
vy, hv_ = —v_. Then we can compute
gz 0 0
Ripogl=| © qta:(g—q") 0
oV 0 0 q 0|’
0 0 0 q:

where the ordered basis of V ® V is
(U-'r & UV, Uy oy VU,V & UV, V- & U—)'
This is a solution of the quantum Yang-Baxter equation.
Remark 4.59  In Example 4.58, if we set q = 1, then [R], /] becomes the

identity. This illustrates the fact that from {(g), we cannot obtain any interesting
solutions of the quantum Yang-Baxter equation.
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Remark 4.60 Note that the category Repilq(g) of all representations of the
quantum group is not braided, (as R lies in the completed and not usual tensor
product), but the category O is braided.

Remark 4.61 In Lie algebra theory, we generally normalize our inner prod-
uct so that (6,0) = 2. But in quantum group theory, we normalize so that
(ash, asp) = 2, where agp, is a short root. The two are equal only when g is
simply laced.

Theorem 4.62  Let g be a semisimple Lie algebra, and {x;} an orthonormal
basis of by (with respect to the form of remark 4.61). Then there exists a unique

R=q= @ (14 Y L) with L € 14 (b4)[6] © tq (b-)[-0],
BEQ+\{0}

which satisfies the quasi-triangularity axioms, after being evaluated in represen-
tations of Uq(g) for category O.

Remark 4.63 This element R coincides with the one from Theorem 4.54
upon expansion in powers of A.

Example 4.64 If g is simply laced, then L(*) = (@ — g HE; ® F; for any
simple root «;.

Definition 4.65  The quasi-triangular structure R is known as the universal
R-matriz.

4.12 Twisting
Let (H,m,i, A ¢,S) be a Hopf algebra.

Definition 4.66 (Drinfeld) Let J € H®H be an invertible element. Then J
18 called a twist if

(A@Id)(J)JT®1) = ((deA)(J)(1®J) nHeHeH,

or, equivalently,
q Y Ji2:3 71,2 _ j1,23 72,3 (4.9)

Remark 4.67 Equation (4.9) is a non-dynamical version of the dynamical
twist equation.
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Proposition 4.68 Let Ay;: H— H® H be given by

def

Aj(z) = T A(2)J.

Then there exists Sy : H — H such that (H,m,i, Ay, ¢e,Sy) is a Hopf algebra.

Definition 4.69  The Hopf algebra in Proposition 4.68 is denoted H” and is
called the twist of H by J.

Proposition 4.70  If (H, R) is a quasi-triangular Hopf algebra with twist J,
then (H”, R7), where R’ = (J*Y)~1RJ, is also quasi-triangular.
Proposition 4.71  If J is a twist and x € H is invertible, then

Az)J(z7 '@zt

is also a twist.

Example 4.72 If we take J = 1 ® 1, then for all invertible z € H,
Alz)(z '@z

is a twist by Proposition 4.71.

Definition 4.73  We say that J1 and Jo are gauge equivalent if
Jy=A(x) 1z @xh)

for some invertible x € H.
Proposition 4.74  If J; and Jy are gauge equivalent, then H’t = HY2,

Example 4.75 If (H, R) is quasitriangular, then R~! is a twist. The associ-
ated comultiplication is Ar-1(r) = RA(z)R™! = A°P(z), and the twist of H
by R~!is H? = (H,m, i, A, ¢,S1)

Example 4.76 Let g be a semisimple Lie algebra, and let «;,a; be long
simple roots such that (a;,a;) = 0. We would like to construct a “twist” in
Uq(g)@4Uq(g). We note that the Hopf algebra (h;, E;) is isomorphic to ilq(bi[z),
and the Hopf algebra (h;, F;) is isomorphic to £y (6°"2). So there exists a natural
embedding W of $q(b52) &8l (65"2) into (hy, E;) @ (hy, F;) C $q(g)@8Uq(g). Let J
be the image under ¥ of the “quasi-triangular structure” R € $lq (b5 )&, (6°2).
Then J satisfies the properties of a twist.
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Proof We know that (A ® Id)R = RP¥R?* and (Id®A)R = R'3R!2. Thus
(A @I1d)(J)J2 = JBJ3J12 and (Id@A)(J)J? = JBJ12J2. But (as,a;) =
0, so the algebras (E;, h;) and (F;,h;) commute, which implies that J12.J%% =
J?3J'2 Therefore,

(A ® |d)(J)J12 _ J13J23J12 _ J13J12J23 _ (ld ®A)(J)J23,

so indeed J satisfies the properties of a twist. O

4.13 Quasi-classical limit for the quantum Yang—Baxter equation

Let g be a semisimple Lie algebra. In Section 4.11, we saw that there exists a
universal R-matrix R € 4, (g)®8y(g) satisfying the quasi-triangularity axioms.
This R satisfies limq_1 R = 1. so that R = 1 + hr + O(h?) for some r €
U(g) ® t(g). In this section, we will study 7.

Proposition 4.77  Let A be an associative algebra. Let R € (A®A)[[h]] satisfy
the quantum Yang—Bazter equation,

R12R13R23 _ R23R13R12 (410)
Write R =1+ hr + O(h?), where r € A® A. Then

[T12’T13] + [T127r23] + [T137T23] —0. (4.11)

Equation (4.11) is known as the classical Yang-Bazter equation.
Proof By substituting R = 1 + hr + h%s + O(h?) in (4.10) (here s € A® A)
and extracting the coefficient of A2 from both sides, we obtain
§124 6184 (28 4 12,03 4 12,23 4 13,23 (23 (134 (12 ,28,13 | 28,12 | 13,12
whence the result follows. O

r is called the quasi-classical limit of R, and R is a quantization of .
A natural question to ask is whether every solution r of (4.11) admits a quan-
tization. The answer is provided by the following.

Theorem 4.78 (Etingof and Kazhdan (1996))  Every solutionr of (4.11) ad-
mits a quantization.

Remark 4.79  Given a solution r of (4.11), a quantization of r is not unique.
For example, if 7 = 0, then R = 1 is a quantization, but so is R(h?), where
R(h) =14 O(h) is any solution of (4.10).
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Example 4.80  Consider $l4(sl2). We know that
12
_ 44h®h —1 (@-a') s
R =q2 1+(qg—q )E®F+qTE QF +---
q!

satisfies the axioms of quasi-triangularity. Recall that q = e
limgq—; E,f = limq—.; F. Then

R=1+h(th®@h+exf)+O(r*).

h
2, and denote e =

Thus
r=1ihe@h+texfecsh®sl (4.12)

is the quasi-classical limit of R and hence satisfies (4.11).
More generally, if g is an arbitrary semisimple Lie algebra and R is the uni-
versal R-matrix for 4 (g), then the quasi-classical limit of R is

1
T:§in®xi+2ea®fa€g®g. (4.13)

a€eRL
This r also satisfies (4.11).

Equation (4.13) is known as Drinfeld’s solution to the classical Yang-Baxter
equation.

4.14 Quasi-classical limit for quantum dynamical Yang—Baxter
equation

Let g be a semisimple Lie algebra, with Cartan subalgebra h and {x;} an or-
thonormal basis of . Recall the quantum dynamical Yang-Baxter equation (3.2).
A solution of (3.2) is R(\) : V®V — V@V, where V is a diagonalizable b-
module. We would like to find the quasi-classical analog of (3.2). Introduce a
formal parameter /i, and make the change of variable A — A/A. Then (3.2) be-
comes

R¥Z(X\ — hh®)R¥P (VR (X — hh') = RB (MRS (A — hh*)RZ()N). (4.14)
Suppose R(A, h) is a solution of (4.14), of the form
RO\ R) =1 —r(\)h+ s(\)R* + O(R?). (4.15)
We note that, for all vy, ve,v3 € V
2\ — hh?) (v, ® vy @ v3)
=72\ = hwtvz)(v; ® v2) ® v3

= <T12(/\) — ﬁz 87";1(‘)\) (wtws, x;) + O(h2)> (v1 ® vg ® v3)

= (rlQ(A) — ﬁz arlQ(‘A) ® Xi —|— O(ﬁ2)> (Ul ® V2 @ Ug). (416)



Quasi-classical limit for the QDYBE 59

(Here the second equality arises from the Taylor series expansion.)
Substituting (4.15) and (4.16) (as well as the analogs of (4.16) for r'3(\ —hh?)
and 723(\ — hh')) in (4.14) and extracting the coefficient of h? gives

12 13 23
> (%:( X2 — ({ZXV 2+ or | Xll)—k[7"12,7”13]+[r12,r23]+[r13,?“23] — 0. (4.17)

Equation (4.17) is known as the classical dynamical Yang—Bazter equation.

Definition 4.81  Let g be a finite-dimensional Lie algebra, and b C g an
abelian subalgebra. A classical dynamical r-matriz is a meromorphic function
r:bh* — (g ® g)" which satisfies the classical dynamical Yang-Baxter equation
(4.17).

Theorem 4.82  Let g be a semisimple Lie algebra and V' a finite-dimensional
g-module. Let R(\) : V@V — V&V be the exchange matriz of g. Then R(\/R)
admits a Taylor expansion in h, and R(%) =1 — r(\)h+ O(h?), where

r(\) = Z 7%2)/\\ Zga e A%g.

Proof Recall, from Section 3.5, the ABRR equation, (3.13), of which J(\) is
the unique upper triangular solution. Substituting A/A for A in (3.13) gives

. A1 5
J,Id®<ﬁ+p—52xi>

%

= Z (6o ®eq), (4.18)

aER

where J(\) = J(A\/R) = 1 + j(A\)h 4+ O(h?). Extracting the coefficient of /i° from
both sides of (4.18) gives

), 1d@A] = ) e a®ea. (4.19)

acRy
But j()) is of zero weight (since J(A) is), so we can write
A) =Y j%(N), where j?(\) € (EndV)[-f] @ (End V)[3)].
B>0
Then (4.19) becomes

j{: e_o Reqy ::"ji: «X7ﬁ>jﬁ(A)7

acRL £>0

SO
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e_gRe .
Poy=d "o TAER
0 otherwise.

Therefore,

J) = - ;*& Qi;‘“. (4.20)
R )

+
Now, we recall that R(\) = J(A)~ 1JQl( ); thus,
A

L=r(Nh+0(h*) = R(3) = JW) TN =1+ (=) + 72! (V) h+ O(h?)

(4.21)

Combining (4.20) and (4.21) yields

. . —e_o Req teqRe_g ea/\e_
r(N) =) =770 = Y = > :
(A @)
a€eRL a€R4
as required. O

Remark 4.83  The function r()) is called the basic rational solution of the
classical dynamical Yang-Baxter equation.

Remark 4.84 Equation (4.19) is called the classical ABRR equation.
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INTERTWINERS, FUSION AND EXCHANGE OPERATORS
FOR 4(g)

5.1 Fusion operator for {,(g)
In this section, we will let q be a nonzero complex number which is not a root
of unity. We could also let q = e//2, where % is a formal parameter. Let g be a
semisimple Lie algebra.

We can define intertwining operators and the fusion operator for g (g) in the
same way as we did for g. The fusion operator Jyyy(A) : W@V — W @V will
then satisfy the following.

Proposition 5.1

1. Jwv (X) has zero weight: for any weight §, Jwv () maps (W@ V)[d] into
itself.

2. Jwv () is lower triangular with respect to the weight decomposition, and
has ones on its diagonal. That is, Jywv (A\)(w @v) =w @ v+ >, ¢; @ by,
where wt¢; < wtw,wtb; > wtwv, for all homogeneous v, w. In particular,
Jwv (N) is invertible whenever defined.

3. Jwv(N) is a rational function of qtt®¢) .

Theorem 5.2  Fusion operators satisfy the dynamical twist equation in W ®
V@U, where W,V,U are finite-dimensional representations of tq(g):

Jwev.o N Jwv (A = h*) = Jwveu (V) Jvu(A).

Example 5.3 Let g = slp. Take V to be the two-dimensional irreducible
representation of g. In Example 3.17, we found Jy v (\) to be

1 0 00
01 00
[JVV()‘)]_ 0)\—__‘_1110 P
0 0 01
where the ordered basis of V ® V is
(U+®U+7U+®U—7U—®U+7U—®U—)'

We would like to compute Jyy (A) for Uq(g), where V is the two-dimensional
irreducible representation of 4y (g).

61
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As before, each of these four basis elements must be fixed by Jyv (), except
v4 ®v_. So we must compute Jyy (A)(v4 ® v_). We have

(I)l)):V)\ =vVatr1 @v_ +a(\, q)Fvyip @ vy,
for some function a of A and q. We then note that
(Va®@ld, ®3% vay1) = vy,
and
<v§\ ® |d,<I)Kj_1Fv)\+1>
=(vi®ld,(Fold+q "@F)®\% vai1)
=(vi®ld,(q"® F)®\\ vap1) since (vy,Fw) =0 for all w € M)y
=q F(vi@ld, @ vas)
= q_’\Fv+ =q Mo_.
Therefore,
Jyv(N)(vg @v) = (v @1d, (B3}, @ 1d)Dy " vy)
=(vi®ld, (23}, @ Id)(vipr @ v+ a(X q)Fvay @ vy))
=vy ®@v_+q a(\q)v- @vy.
Finally, we must determine a(\,q). We see that
0= <I>§_ Evy
= E@;_V)\
=E(vay1 ®v_) +a(Nq)E(Fvii @ vy)
= Evar1 ®q v + Va1 ® Eve 4 a(X, q)(EFvay: @ q"oy + Fvayg © Evy)

But
q"—q"
Evyt1 =0, Ev_=wvy, EF= T +FE,
q—q
hvagrr = (A+1)vayr and hv_ = —v_,
S0 we obtain
gttt — g= (D)
0=q 'vap1 ®vy +a()q) q—q 1 Va1 @ vy
Hence,
A1 = (A1)
0=qg'+a(\q)3 S
q—q

q'—q
q (@ —q DY

= a‘()‘7q) =
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Therefore, we conclude that

q'—q

JVV('U+ ®’l},) = U4+ R v_ + m’l}, ®’U+.
So we see that we can write
1 0 00
v ()] 0 1 00
f— —-1_ s
v 0 ohemis 10
0 0 01

where the ordered basis of V® V is
(U-i- & Uy, Uy & VU,V 2 UV, U & U—)'

Note that the limit of this Jy v (\) as ¢ — 1 is the Jy v () for g. Thus Jyv ()
for tq(g) is a deformation of Jy v (A) for g.

5.2 Exchange operator for ,(g)

Let g be a semisimple Lie algebra, and let V, W be finite-dimensional represen-
tations of tq(g). As usual, R will denote the universal R-matrix.

Definition 5.4  The exchange operator Ryw (\) : VW — VW is defined
by the formula
va(/\) = va()\)_lRmJa}V()\).

Proposition 5.5  Suppose v, w are homogeneous vectors such that

Ryw(N)(v@w) = Zvi ® wj.

Then,
PuvRwv (Y, @ 1d)R] =D (B, @ 1)@V Py,

7

Example 5.6 Once again, take g = sls and V' to be the two-dimensional
irreducible representation of g. We know from Example 5.3 that

1 0 00
0 1 00
0 oty 10
0 0 01

[Jvv(N)] =
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and from Example 4.58 that

q% 0 0 0

| 0azaiq-qal o0

[RVV] - 0 0 q_% 0

0 0 0 qz

Therefore,
1 0 0 0
-1

0 1 T 0
[RVV()\)] = 0 q~'—q (qz(Aﬂ)_qqz)(qz(wrl)_q*z) 0

q*(”‘*?)—l (qz(x+1)_1)2
0 0 0 1

Note that the limit of this Ry () as @ — 1 is the Ry (M) for g. Thus Ry v ()
for H4(g) is a deformation of Ry (A) for g.

5.3 The ABRR equation for i,(g)

Notation 5.7  We will denote Rg = Rq~ 2:*:®% where {x;} is an orthonor-
mal basis for b.

Theorem 5.8 (ABRR equation for {,(g))
1. The equation

JA)(Id ©g*™V) = R (1d @' ™).J(N)

has a unique solution J(\) of zero weight in Uq(g)@Uq(g).
2. This solution specializes to the fusion operator for Uq(g) on V@ W for
all finite-dimensional representations V,W of $q(g).

We will shortly give a sketch of the proof of this theorem, but first we need to
define the quantum analog of the Casimir element.

Definition 5.9  Let (H, R) be a quasitriangular Hopf algebra. The Drinfeld
element u of H is defined by the formula

—

Remark 5.10 If (H,R) = (U4(g),R), then u will be in a completion iq(g)
of U4 (g) acting in category O, but not in q(g) itself.
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Theorem 5.11 (Drinfeld (1990a))

1. w is invertible;
2. uru~t = S2%(x) for all x € H;
3wt =3, 87Y(b)al, where R™M =", al @ b},

Definition 5.12  The quantum Casimir element for $4(g) is Z = uq=2°.
Proposition 5.13

1. Z is central in $4(g);
2. Zly, =a M d,

—

Proof Recall that S?(x) = q?Pxq~2? for all z € U4(g). So, for all z € 4 (g),
2Z = zuq 2P = uS %(2)q %" = uq ¥z = Zz,
which proves (1). For (2), we note that

R = q2i i@ 4 Zaj ®bj, where wta; >0, wtb; <0.
J

Thus . -
w=q 2% 4+, where u € {,(g) satisfies u'vy = 0.
Hence,
Zvy = uq vy = q~ TiX "2y, = g~ AAF20)y,
Since Z is central, it follows that Z|MA = q~MAM20) |d, and (2) is proved. 0

We now see why Z is called the quantum Casimir element: it has properties
analogous to those of the Casimir element C.

Sketch of proof of Theorem 5.8 In Section 3.5, we proved that the fusion
operator for g satisfies the ABRR equation by studying the expression

FN) = (VA wtw-wto @1, (2} 0y @ 1) (C@1d)DY V), (5.1)

where C in the Casimir operator. Perform similar computations with C replaced
by Z, the quantum Casimir element, to prove Theorem 5.8. For a complete proof,
see Etingof and Schiffmann (2001a). O

5.4 Quasi-classical limit for ABRR equation for ,(g)
Recall the ABRR equation for {4(g),

JN)(1d @92 M) = R2(Id 092N J(N). (5.2)

We would like to study the quasi-classical limit for (5.2). Make the substitu-
tions A — A\/h,q — e"/? ¢ € C.
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We can write:

J\) = J(%) = 14 hj(\) + O(R?),
R = 1+¢chr +O(h?),

Ro = 1 +¢chro + O(h?),

where
= —Zx1®x1—|— > ea®eq
Ot€R+
and hence )
rg =T — §in®xi = Z eq Re_q.
(3 OtER+

Substituting in (5.2) and extracting the coefficient of ' gives

N @) =(1®e?) + 67“31(1 ® )
= j(\) — Ad(1 ® e)j(N) =erdl =¢ Z e_q ® eq,

a€R4

where (Adz)y = zyx~!. We write

A) =37\, where j? € U(g)[-5] @ U(g)[B].

B>0

We see that if wtx = 3, then Ad e*x = e=*f)x. Thus (5.3) becomes

Z(l 5<’\5> —EZe_aQ@ea

B5>0 R,
Thus,
—8® .
]B()\) = 1e—ei</\eyg> if 6 S R+,
0 otherwise.
Therefore,

. e_o®ey
j(/\) = Z 1 — esha)”

Definition 5.14  Let

dEfoZ®xl+ S (ea®eqtea®en).

acR4

(5.3)
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Next, we write R(\) = 1 — fir(\) + O(h?). Then, from R(\) = J(\)~'R2LJ?L(N),
we obtain

r(A) =) =2 () —er®

— Z %(eﬂ@)ea—ea@eﬂ)—ﬁzg‘kf Z e_a ey

a€R+ a€R+
Q
:—€—+ ea/\e—a(i_;>
2 a€Ry 2 et

N e ne LT e

T2 2 L et e
QER+

eQ € €

= —7 + 5 Z €a A €_o cotanh (5 <)\,Oé>) .

a€R

Definition 5.15  Let g be a simple Lie algebra with Cartan subalgebra h. A
classical dynamical r-matriz is v : h* — g ® g such that

1. v has zero weight: v € (g ® g)".
2. r satisfies the classical dynamical Yang—Baxter equation,

(67“12 5 Ort? or® |
i

Ve vy X2 + o Xi) + [7"12,7"13] + [r12,7~23] + [r13,r23] —0.

Definition 5.16 A classical dynamical r-matrixz is said to have coupling con-
stant € if r(\) +r2(\) = Q.

Example 5.17 The above computations show that

g e e €
rmg()\) =5 + 5 gR: en N\ e_q cotanh (5 ()\,a))
a€Ry

is a classical dynamical r-matrix; its coupling constant is —e. It is called the
trigonometric solution of (2). Note that

g def .. g - eq Ne_q
Trat (A) - 811_1’% rtrig ()‘) - ; <)\) Oé>
a€ERy

is also a classical dynamical r-matrix; its coupling constant is zero. It is called
the rational solution of (2).

There exist some simple transformations that allow us to obtain new classical
dynamical r-matrices from the above.
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Definition 5.18  The gauge transformations are the following:

1. Shift of parameters, r(\) — r(A —v),v € h*;

2. Action of the Weyl group W. Recall that W = NT /T, where T C G is the
maximal torus, and NT is the normalizer of T. So for each w € W, we
can choose a lift w € NT; the transformation is r(\) — (W@w)(r(w=1\));

3. Let ¢ : b* — A%h be a function which corresponds to a closed differential
2-form on b*. Then r(A\) — r(X) + ¢(N\) is a gauge transformation.

Proposition 5.19  The set of classical dynamical r-matrices is preserved by
gauge transformations.

We will now see that the only classical dynamical r-matrices with coupling
constant are essentially those of Example 5.17, up to gauge transformations.

Definition 5.20 A reductive Lie algebra is a direct sum of a semisimple and
an abelian finite dimensional Lie algebra.

Proposition 5.21  Suppose h C a C g, where g is simple, b is a Cartan
subalgebra and a a reductive Lie subalgebra. Then the root system of a is

Ra = {@ € Rg|ga C a}.

Proposition 5.22 R, satisfies the following properties:
1. BeRy = —B €Ry;
2. B1,02 €Ra, 1+ P2 € Rg = B1 + B2 € Ra.

Conwversely, any subset satisfying these properties is of the form Ry for a suitable
reductive a.

Definition 5.23 e Mo
a () X Sa N Coa
Trat( ) Z <)\7 Oé>

a€R+n

Theorem 5.24 (Etingof and Varchenko (1998a))  Let r(\) be a classical dy-
namical r-matriz with zero coupling constant. Then r(\) is gauge equivalent to

rii(N), where a is a reductive Lie algebra, h C a C g.

Theorem 5.25 (Etingof and Varchenko (1998a))  Let r(\) be a classical dy-
namical r-matriz with coupling constant —e. Then r(\) is gauge equivalent to
Toig(A) or to its limiting case limy oo 755, (A — tv), v € h*.
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Remark 5.26  All limits lim;—,c 75, (A — t),v € h* look like

sx(A) = —? + Z da(Nea Ne_q,

OéER+
where X C II is some subset, and

€ eA :
_ J §cotanh 2 ifaeZ,X,
fa(A) { s otherwise.

In fact, to get the limit corresponding to v € h*, we should choose X so that

(v,a;) =0 <= a; € X.
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Remark 5.27 We cannot obtain all solutions with zero coupling constant by

taking a limit as € — 0 of solutions with a nonzero coupling constant. This is
because there exist h C a C g where a is a reductive but not a Levi subalgebra;
that is, a does not correspond to a Dynkin subdiagram of g. An example of this

isa=slyxsly,g=-sp,.
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DYNAMICAL R-MATRICES AND INTEGRABLE SYSTEMS

In this chapter, we will make a connection between dynamical R-matrices and
integrable systems. We start with a brief discussion of classical and quantum
mechanics and of classical and quantum integrable systems.

6.1 Classical mechanics vs. quantum mechanics
In classical mechanics, we have:

e a phase space M (a manifold);
e observables (functions f € C*(M));
e a symplectic (or, more generally, Poisson) structure,

{}: CF(M) x CF(M) — C=(M),

which is a biderivation that makes C°°(M) into a Lie algebra;
e motion is given by a Hamiltonian H € C°°(M), and the equations of
motion are the Hamiltonian equations, y; = {y;, H}.

In quantum mechanics, we have:

e a Hilbert space of states, H;

e observables are Hermitian operators on H;

e the analog of the Poisson bracket is the usual bracket of operators, [A, B] =
AB — BA,;

e motion is given by a Hamiltonian H : H — H, and the equation of motion
is the Schrédinger equation, 1/1 = —iHq.

Definition 6.1 (see Arnold (1989)) A classical integrable system is a collec-
tion of functionally independent (near each point) functions Ir,...,I,, n =
%dimM on M such that {I;, I} =0 for all j, k.

If Ih,...,I, is a classical integrable system and H = f([3,...,1I,), then we
can solve the system y; = {y;, H} explicitly. Indeed, {Ix, H} = 0 = dI}/dt = 0,
which means that any motion is constrained to the level surfaces of I,...,I,.
This specifies the motion completely, by the Hamiltonian reduction procedure
(namely, as explained in Arnold (1989), each integral allows one to lower the
order of the system by 2).

“Definition” 6.2 A quantum integrable system is an “interesting” collection
of commuting linear operators { Ay, ..., Ap} in a vector space, “desirably” having
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small (e.g. finite-dimensional) common eigenspaces. More generally, it could be
an “interesting” commutative subalgebra in a noncommutative algebra.

If Ay, ..., A, is a quantum integrable system and H = f(Ay, ..., A,), then the
Schrédinger equation decomposes into a direct sum of equations on eigenspaces of
Ay, ..., A, If these eigenspaces are finite-dimensional, then solving the Schrodin-
ger equation reduces to exponentiating finite matrices. So in a sense the equation
is completely solvable, which motivates the terminology “quantum integrable
system”.

6.2 Transfer matrix construction—A method of construction of
quantum integrable systems

Definition 6.3  Let H be a Hopf algebra. The Grothendieck ring G(RepH) of
the category of finite-dimensional representations of H is a free Z-module whose
basis is the set of irreducible finite-dimensional representations of H, with the
product

vowE S mu,
1

where U; are the constituents in the composition series of V@ W. Here m; are
the multiplicities of occurrence of U;.

Let H be a Hopf algebra and K = G(RepH) be the Grothendieck ring of its
category of finite-dimensional representations. Let R € H ® H. Then we can
define a group homomorphism D : K — H by D(V) = (tr|,, ® Id)(R) for all
irreducible representations V' of H.

Proposition 6.4 If (A ®Id)R = R¥R?*} (e.g. R is a quasi-triangular struc-
ture), then D is a ring homomorphism.

Proof

D(V)D(W) = ((tr], @ Id)(R)) ((trly, ® Id)(R))
= (trlygw ® 1d)(R¥®R*?)
= (trlygw @ 1d) (A ®1d)(R))
= D(V-W).

The last equality follows from the definition of the tensor product of representa-
tions of Hopf algebras. O

Corollary 6.5 IfV@W =2 W ®V in RepH (for example, if H is quasi-
triangular), then [D(V), D(W)] = 0. In particular, if V@ W =2 W @V for
all representations V,W of H, then {D(V) : V € G(RepH)} is a system of
commuting elements of H.
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Example 6.6 If H = $4(3) (a quantum affine algebra) and U is a finite-
dimensional representation of H, then the system of operators D(V)|, is called
the Gaudin model.

Example 6.7  If we take H = ${4(g) with the usual R, then we do not get any
interesting examples. Indeed, since R = q2i % ®%i (1 4 Zj a; ®b;), with wta; >0
and wtb; < 0, for any irreducible representation V' of {4 (g), we have

D(V) = (trly, ®1d) [ g> (1 + ) a; @ bj)

J
= (trly ® 1d)g= <
= Z dim V[V]qu v (xi)xi

veh*

= Z dimV[v]q”,

veh*

which is just the character of V regarded as an element of {4 (h).

However, if we take H = 4(g) and take R to be the exchange matrix R(\),
then we do get interesting results. More precisely, we need to modify the transfer
matrix construction, since the exchange matrix satisfies not the usual but rather
the dynamical quantum Yang-Baxter equation.

6.3 Dynamical transfer matrix construction

Let H be a Hopf algebra with a quasi-triangular structure R, and suppose H
contains $4(h) as a Hopf subalgebra, where § is a commutative finite-dimensional
Lie algebra. Suppose J : h* — (H ® H)" is a function. Let R : h* — (H® H)"
be given by R()\) = J 1 (AN)RJ?L(N).

Theorem 6.8  If J(\) satisfies the dynamical twist equation, then R(\) sat-

isfies the quantum dynamical Yang—Baxter equation.

Proof We can use the first proof of Theorem 3.15. O

Theorem 6.9  Let V be a finite-dimensional representation of H such that
V[0] # 0. For every finite-dimensional representation W of H, consider the
linear operator Dy : Fun(h*, V[0]) — Fun(b*,V[0]) defined by

Dy = 3 (trlyyyy @W)(ROD| T,
veh*
where T : Fun(h*, V[0]) — Fun(h*, V[0]) is the translation (Tf)(X) = f(A+5).
Then, for every pair of finite-dimensional representations U,W of H, Dy gy =
l)Ulij and I)Ul)pv ::l)w/l)U.



Dynamical transfer matriz construction 73

Remark 6.10 Here, tr|W[V] a means tr (Py,) o a)|WM, where Py, is pro-
jection onto W(v].

Lemma 6.11
1. R12()\ — h3)R13()\) = J23()\)*1R1’23()\)J23()\ — hl);
2. R23()\)R13()\ — h2) = le()\ — h?’)*lRlz’?’(A)le()\).

Proof We use the fact that J(\) satisfies the dynamical twist equation along
with the quasi-triangularity of R:

R2(\ — B3)RB(\) = J12(\ — h3)"IR2LIZ (A — h3)J13(A\) IR JBL(\)
= J12()\ — p3) IR I3 (\) 7L 213 (\)R3L 73 ())
= J12(\ — %)~ LJI23 () TIRERSL 231 ()) 3L ()
= JB(\) LB ) TIRERI L)) 123 (A — k)
= JBO) LB ()7L (1d @ A)ROPJZHL () I3 (A — L)
_ J23(/\) LyL23 ()~ 1R23’1J23’1(/\)J23()\—h1)
= JB(N)TIRVB(N)JB(A — h),

which proves (1). The proof of (2) is similar. O
Proof of Theorem 6.9 We have

Dwev = Y (trlygup @ (RPN - T,
veh*

= Y (hypsrpn @ DE>PN) T, T (6.1)

vi,v2€h*
By part (2) of lemma 6.11, we have
R12,3(>\) _ J12()\ o hS)R23()\)R13()\ o h2)J12()\)_1;

but here, the third component of R!?3 acts on V[0], so h? = 0. So (6.1) becomes

Dweu

= D (i eop, @ 1) (Ad T2 (RPBN)RP(A - 1)) - T, T,
vi,v2€h*

= Y (tUlypeup, @ 1d) (RPRP( - 1?) - T, T,
vi,v2€h*

= Z (tr|U[l/2] ® Id)<R</\))(tr|W[V1] ® Id)(R(/\ - 1/2)) : T—VlT—Vz
v1,v2€h*

= 3 (trlyp @ I (RO) - T (g, @ IR - T,
v1,v2€h*

= Dy Dw.
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Since W@ U = U @ W, we see that

DyDw = Dweu = Dugw = DwDy.

Proposition 6.12  Let H = 8,(g), and let J(A) and R()\) be the fusion and

exchange matrices. Let Vi, ..., V. be fundamental representations of Uq(g) (r =
rankg). Then:
1. Dy,,..., Dy, are algebraically independent;

2. for all W € Repilq(g), we have Dy € C[Dy,,...,Dy.].

Before proving the proposition, we need a lemma. We say that A\ — oo if
[{\, ;)| — oo for all i.

Lemma 6.13  For (g), we have limy_.oc J(A) =1d and limy_.oc R(A) = Id.

Proof Write J(\) = 1+25>OZ ¢B®w5 where wt ¢B = —f and wtl/}f = 3.
Since J(A) satisfies the ABRR equatlon we know that

ad(ld@0(\)J(A) = — | > ea®@eq | (Id+J(N)).
acRy

For v > 0, we can extract the terms of the form A ® B with wt A = —v and
wt B = . We see that

mpg

d(ld ®6( Zw@w =— D ead) “@eaty) "

y>a>0
where mg = 1, ¢ = ¢ = 1. Using this recursively, we see that
— B B
Alljﬂongj ®Y; =0
j=1
for all 8 > 0. Thus limy_.oc J(A) = Id. Clearly, this implies limy_,oc R(A) = Id.

O

Proof of Proposition 6.12 It is enough to prove (1) for the case q = 1. For

any W € Repi(g), write DE,;O) Lef lim, o T—,DwT),; then, it is enough to
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show that Dg,cio), .. ,DS;O) are algebraically independent. For all W € Rep il(g),
we have

D) = lim T_,DwT,

JL—> 00
= B D (trlyp @ 1)(ROA—p) - T,
veh*
= Z (trlyp) ®1d)T-, by Lemma 6.13
veh*
= dimWT.,,
veh*
and the algebraic independence of D(Oo) . D%Zo) now follows from the known
fact that the characters xv,, ..., xv. of the fundamental representations are al-
gebraically independent. So (1) is proved. (2) follows from Theorem 6.9. O
Remark 6.14  This means that Dvy,,..., Dy, form a “quantum integrable
system”.

Proposition 6.15  Suppose 0 < |q| < 1; then

1. limy— oo J(A) = RE?

2. hrrl,\_)_Oo J(/\) =1d.
Here, the limit as “\ — +00” is taken over X in the dominant chamber (Re (\, a;)
— +oo for all i), and similarly for the limit as ‘N — —o0”.

Proof We write

JN) =Y TN, (REH T =) 50

B8>0 B>0

where J9 S5 € §1,(g)[-B] @ Uq(9)[8], J@(\) = SO () = 1. It can be shown
that the limits exist (by considering recursive relations for J?). Let us compute
them. For (1):

lim J(\)
A——400
= Jim RE(1d 2g2*M)J(\)(Id @q~2XN)  (from ABRR)

= RZ lim ZAd 1d@q2 ) (1d@q™ =041 () (1d @g= 1))

A——+00
_ R21 li (A -p,08) Id ®q™ 27 i J( ) N(d® > X?,
3 lim goq ((1d@a™ =)@ () (1d g=4))

= R2'  (since all terms tend to 0 except for the § = 0 term).
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For (2):
i J0)

= lim (id @q 2R TLI(N)(1d 992 ™M) (from ABRR)

= Jim 37 Ad(dea ) (o= )T (V) (dea =)

Byy20
= i 2(Ap.B+7) X g B EPME
= lm 3o (0d@a™ )57 ()17 (V) (d @)
Y2

=1 (since all terms tend to 0 except for the § =~ = 0 term).

O
Corollary 6.16  limy_,_, R(\) = R?! and limy_ {00 R()\) = q2i @Ry,
Proof This follows from Proposition 6.15 and from the equation
R(\) = J(A)T'RZLIPH(N).
O

Proposition 6.17  For every finite-dimensional representation W of Uq(g),
we have:
lim)\_>_oo DW = lim)\_H_OO DW = leeh* dim W[Z/]T_V;

Proof

lim ljpv
A——o0

= lim Y (trly, ® d)(R() - T,

A——o0

veh*
= Z (trlyp) ® IdYR*'-T_, by corollary 6.16
veh*
= Z (trlyp) ® ld)q2=i %% . T_,  since (trlyp) @ Id)R?!' acts on weight 0
veh*
= Z (trlyp @ Id)(ld@1d) - T, since x; acts as 0 onV[0]
veh*
=) dimWT.,.
veh*

The proof for limy_, 4o Dy is similar. O
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Corollary 6.18
1. The coefficients of Dw are rational functions of x; = q ), and are
reqular at x; = 0,7 = 1,...,r. Hence they can be viewed as elements of
Cllg®e, .., gt
2. The coefficients of Dy are rational functions of y; = q~ and are
reqular at y; = 0,5 = 1,...,r. Hence they can be viewed as elements of
Cllg=hen), ..., q= K],

(N

A )
)
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TRACES OF INTERTWINERS FOR ,(g)

7.1 Generalized Macdonald—Ruijsenaars operators

Definition 7.1  Given a finite-dimensional representation W of Uq(g), we
will write R(\) = R(—=X — p) and we will define the generalized Macdonald—
Ruijsenaars operator Dy : Fun(h*, V[0]) — Fun(b*,V[0]) by the formula

Dy = Y (trlyyp @ 1d)(RN) - T
veh*

Let Y, = q 20 Cl[q=M) i = 1,...,7]] ® V[0]. By Corollary 6.18, the
coefficients of Dy have a Taylor expansion in q~*®#; hence, Dy acts as an
operator Dy : Y,, — Y, which preserves the subspaces Y, 43 C Y, € Q4. In
particular, we get an operator D on Y,/ >, Yita, = q X4V [0] 2 V]0].

Proposition 7.2 D acts on Y,/ >, Yyta, as xw(q ) Id.
Proof For q 2Mv €Y, />, Vita;, we have

DWq’2<’\*“>v

_ lequ,ai):oq*“v“)v

= ( lim DW> q 2 Mmy
A— 400

= Z dimWT, | g~ 2?4  (argument similar to Proposition 6.17)
veh*

Z dim W[z/]q”(”’m q 2Py
veh*

_ Xw(q_Qﬁ)q_2<’\’“>v.

Lemma 7.3  For generic u, the r-tuple (le (q’Z(m)), Ce XV (q’Z(m)))
determines 5 € Q uniquely.

78
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Proof Such an r-tuple uniquely determ_ines q_2(m) € T/W, but for generic p
the map Q — T/W given by § — q~2(#+9) is injective. (Note: Here W denotes
the Weyl group of g and T denotes the maximal torus of G.) O

Lemma 7.4  Let U be a finite-dimensional vector space over C, and let A; :
U — U, i€ I be commuting operators (here I is an index set). Let

U=FUD>DKUDFKUD---DF,U=0

be a filtration preserved by each A;. Suppose that Ai|FjU/FH1U = \i(i)ld,j =
0,...,m — 1, and the functions \; : I — C are distinct. Then there ezists a
basis B of U such that A; is diagonal with respect to B for all i € I and B is
consistent with the filtration (i.e. BN F;U is a basis of F;U for all j =0, ...,

m).

Proof The proof is by induction on m, the length of the filtration. For m =1
the result is trivial. Suppose the result is true for m < mg. Then there is a basis
B’ of U such that A;|p ;; is diagonal with respect to B’ for all i € I and B’
is consistent with the filtration F4U D FoU D --- D F,,U = 0. Complete B’ to
a basis B of U, and let By = B\ B'.

Let By = BN FU \ BN FyU. Since the functions \; are distinct, there must
exist i9 € I such that A\g(i9) # A1(dp). Subtracting linear combinations of the
elements of B; from the elements of By, we obtain a new basis B = B’ U By
of U such that A;,(By) C span By @ F>U. Since the A; commute, we see that
Ai(Bp) C span By @ FU for all i € I. Continuing in this way, we obtain the
desired basis B. O

Theorem 7.5  For generic p, the operators Dw are simultaneously diago-
nalizable on'Y,,. Furthermore, there exists a unique Fy (A p) € Y, @ V[0]* =
q XA Cllq= e, L qm M) @ End V(0] such that

F()\, ) = q 2w Idy (o) + terms of lower order

and
DY E, 1) = xw(a ) E(A ).

Proof This is simply a consequence of Proposition 7.2 and the infinite-dimen-
sional versions of Lemmas 7.3 and 7.4. O

Remark 7.6  The eigenvectors of Dy in Y, are then Fv(/\,,u + B, B €
Q+,U (S V[O]
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7.2 Construction of Fy (), p)
For all v € V[0], let ®}, : M;, — M, ® V be such that <<I>Z> =v. Let

WU\, ) = (try, ®1d)(@59%) € V0] @ M Cl[q=20e) L g 2(hen]],
Let {v;} be a basis of V[0], and let

Uy (A p) =D W%\ p) @vf € EndV[0] @ **# Cl[q o) g7 2hen]).

Let dq(\) = g0 [Toer. (1 - q 2. Let
JA) =J(=A=p),

and define Q(A) : V — V as follows:
if J(A Zal®bl, then Q(A Zs

We then write

Fr(\ ) Wy (A, —p— p)a(NQ ™ (1)

In the next few sections, we will prove the following results about the trace
function Fy (A, p).

Theorem 7.7 (Etingof and Varchenko (2000))
1. Fy (A p) satisfies the Macdonald-Ruijsenaars equations; i.e.,

DY Fv (A ) = xw (a2 Fy (A, ).

Hence F = F.
2. Fy (A ) satisfies the dual Macdonald—Ruijsenaars equations; i.e.,

D Fy (A, 1) = xw (@) Fy (A, ),

where Dg,’é) acts in the V*[0] component.
3. Fy (A, p) has the symmetry property; i.e., Fy (X, p) = Fr. (1, A).

7.3 Quantum spin Calogero—Moser Hamiltonian

def

Let q = €2, Let S denote the substitution A\ — A/h. Let ﬁw SoDy oS~ L

Proposition 7.8 Dy = Yven (Ul ® Id)(R(2)) - Thw-
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veh
= > (S0 (¢l @ IR g(h(A+v))
veh*
— Vezh:* ((tr|WM @ Id) (R(%))) g\ + hv)
= 2 ((tr|W[u] ®1d) (R(%)) 'Thu) g(N),
and the result follows. O

Corollary 7.9  limj, oDy = (dimW)Id.

Proposition 7.10
Dy = (dimW)Id

82 €€
+ h2 dim Wiy — triy €—aa) - —
(Z V15 > (trly ) (efah)/2 — e(aA)/?)z)

veh* acRy

+O(1?),
where 0, denotes the directional derivative with respect to v.
Proof Recall (from Section 5.4) the Taylor expansions of J(A/h) and R:

A\ ) 9 oy e o ®eq

acRL

1
R =1+ hr + h*ry + O(B?), wherer:§in®xi+ Z €q ®e_q.

i a€Ry

‘We have

(=X —Tp) + O(2)
=14 hj(=\) + h%ja + O(h®)  for some jo;
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thus,

J! (%) =1-nhj(=\)+ gy + O(h?®) for some Ja.

Hence,

() G )

= (1= j(=A) + h*j2 + O(h%))
x (14 hr?t + B?r3' + O(R®))(1 + hj?* (=N) + R%j3* + O(R?)).

Now write (trly,; ® R (3) = 67 + 8 + 712 + O(h®). 1t is clear that
t") = dim W[v]. We see that:
= (trlypy @1d) (=5 (=A) + 72" + 57 (X))

= (trlyyp @ Id)r?!  since j is strictly lower triangular

1
0

i

since x; acts as 0 on V[0]; and furthermore,
67 = (trlyyp @1d) (72 + 73! + 33" — 5= 0t = §(=N)52 (=A) + 25 (=)
= (trlyy @ 1d) (=7 (=Nt = (=72 (=) + 72172 (=)
(the argument is similar to the one that shows t( M) = =0)

— (trlyy g @ 1d) (—5(=X) + 257 (<))

(since j(—\)r?! is strictly lower triangular)

= (tr|W[u] X Id) Z e_o Rey ( ﬁ) ZXZ & X;

a€eRL

(Shv ® e_n/
X Z 1 — =)

a’eRy

1 ey ®e_q

a€eRL

(since wtz # 0 = trly,, 2 = 0)

= — Z (tr|W[u] e*aea> . €n€_q -
(ela/2 — e—(an/2)

a€eRL

Then Ty, = " =1+ hd, + h?92/2 + O(h*) by Taylor’s formula. Now write
Dy = 09 + A0y + h202 + O(R3). We see that
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. A o
Dy = Z (tr|WM ® 1d) (R (ﬁ)) Thy, by Proposition 7.8

veh*
292
-y (dim W] + n2t" + 0(53)) (1 + ho, + % + 0(n3)> .
veh*

Thus 90 = > - dimW[y] = dimW and 01 = 3 ;. dimW[v]d, = 9, where
B = ep-dimWlrly € h*. But § is invariant under the action of the Weyl
group, and (h*)W = 0, so B = 0. Therefore, 0; = 0. Finally, we see that

o2 v
0y = Z dimW[l/]E” —|—tg )

veh*
o, eqne_
=Y dim W — Y (trlyeaea) - 0€—a .
veh* 2 = (e(a,/\)/2 _ e*<a,/\>/2)
and the result follows. .

Now, for all W € Rep g, we can define a form By on G by By (x,y) Lef trly, xy.
We see that By (x,y) = yw (X,y), where vy is a constant.

Lemma 7.11  Let {x;} be an orthonormal basis of §. Then

Z dimW[l/]V®V:'yWsz‘ ® X7,
veh* i

where {x}} is the basis of b* dual to {x;}.

Proof For every a,b € I, we have

<Z dmWhrr®@v,a® b>

> dim W v]v(a)v(b)

veh* veh*
= tr|y, ab
= yw (a, b)
=yw <Zx;“ ®x2‘,a®b>,
and the lemma follows. O
Proposition 7.12
Dy —dimWid 1 _
hm%:—Ah*—Z (S -
h—0 h Yw 2 acRy (e<047A>/2 — e—(a,)\)/Q)

where Ag- o >, 0%
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Proof Lemma 7.11 implies that >_, . dim W[v] = yw 3, 02 = yw Ay~ Also,
for v € Ry, we have tr|y, (e_aen) = Yw (e—a,€a) = Yw. Therefore,

. Dy —dimWid
lim ——MM —
A0 R2yw
1 02 ene_
= lim — dimWv] =% — trly, e_nlq) - Ca—
h—0 YW V; v 2 a%;f w ) (elan)/2 _e—<a,x>/2)2

Il
|
B>

1 €ne_q
2= Z (efa) /2 _e—<a,)\>/2)2'

Definition 7.13  The operator

1 ene_
H=-Ay — e : Fun(h*,V[0]) — Fun(h™, V1[0
380 = D e e eteonzay? - FUn7 VIO — Fun(y”, VIO)

a€R4

1s called the quantum spin Calogero—Moser Hamiltonian.

Remark 7.14  We know that the set {Dy } contains r algebraically indepen-
dent commuting operators. However, Proposition 7.12 tells us that, as q — 1,
(Dy — dim W Id)/h? always tends to the same operator (up to a constant), re-
gardless of what W is! However, it is possible to obtain algebraically independent
operators that commute with the quantum spin Calogero-Moser Hamiltonian,
by taking deeper terms of the expansion. For example,

e let Wy, Wy be finite-dimensional representations of {4 (g);
e let a,b,c € C so that adim Wy +bdim Wy + ¢ = 0 and ayw, + byw, = 0;
e let f)%,?/’lb”vcé = af)Wl + bf)m/2 +cld.

Then the terms of orders 0,1,2 in f)g/‘[l,lblf‘}z are zero, while the nonzero term of

lowest order in & will be an operator that commutes with the quantum spin
Calogero—Moser Hamiltonian.

Example 7.15 (Usual Calogero-Moser model)  Let g = sl,,,k € Z, and let
V' be the space of polynomials in z1,...,x, that are homogeneous of degree kn.
There is a representation of g on V': if o; ; = e; —e;, where ey, is the kR standard
basis vector, then e, = x;(0/dz;), while h; = 2;(9/0x;) — x;41(0/0x;41). Then
V0] is one-dimensional with basis {(xixz - -- a:n)k} We see that (eae—a)|V[0] =
k(k 4+ 1)Id. Thus the spin Calogero-Moser operator is

I~/ 0\’ k(k+1)
H=— — ] - .
2 Z <8$z) Z (e@imei)/2 — e(-”f_f—-”fz‘)/?)2

i 1<i<j<n
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From a physical point of view, this describes a system of n quantum particles
on the line, interacting with potential
E(k+1) E(k+1)
, or . .
(ele=v)/2 — ely=2)/2)? 4sinh® ((z —y)/2)

Now recall that we have eigenfunctions Fy (A, u) for Dy, with

D Fy (A 1) = xw (@) Fy (A, o).
Then Fy (A, i, i) = Fyy(A\/h, 1) is an eigenfunction for Dyy.
Proposition 7.16  The following limit exists:

F (A ) = lim Fy (A, i, ).

Proof In Section 7.2, we constructed Fy (A, ). If we use the same construction
method on g (instead of tq(g)), we obtain F (A, u). O

Proposition 7.17  HFG(\, p) = (1?/2)F&(A\, p), and FG(A, p) is an eigen-
function of the quantum integrals of H (operators that commute with H ).

Proof The first statement follows by taking the limit from the previous propo-
sition. The second statement follows from the fact that for generic p the multi-
plicity of the eigenvalue p?/2 of the operator H in the space e~ M#) C[[e~(Mei)]]
is 1. Thus any operator with coefficients in C[[e~(*)]] commuting with H must
preserve the corresponding one-dimensional eigenspace. O

7.4 FV</\7M) for sl

Before discussing the example of sl let us prove two useful lemmas. These
lemmas are well known and used widely in combinatorics. The second lemma is
especially famous and goes under the name of the “g-binomial theorem”.

Lemma 7.18  Let A be an algebra, and let x,y € A be such that xy = pyz,p €
C*. Let {a}, = (p* —1)/(p—1) and {a},! = {1}, ---{a}p. Then, for all k >0,

(z+y)" = zk: (l;)pylx’”,

=0

where

kY def {E}p! B b e
(Z)p‘m— S prile,

1<s1<s2---<s51<k



86 Traces of intertwiners for q(g)

Proof The statement is obtained by straightforward multiplication, ordering
factors, and collecting terms. O

Lemma 7.19 (the g-binomial theorem)  Let [ > 0 be fized. Then

> (’;)pxk—l = ﬁu —p'z)7

k>l i=0

Proof Let y be such that xy = pyx. We have:

Z (z+y)f=0Q-—z—y*
k=0
=1-(1-2)y 12"

(1=2)'y)' (1 —a)!

l
Hl—px

M

-~
Il
o

p”qg

So Yplo(z + )k = X2 ¢ Hizo(l — p'z)~1, and the result follows upon ex-

tracting the coefficient of »' and using Lemma 7.18. O
Example 7.20 Let g = sly, V = Vap,,m € Z;. Then VI]0] = C, and so
v, def Uy and F,,, = FV are scalar-valued. We will compute ¥,

We have a basis of M,,, {F*v,}, and a basis of V', {wg, 3 = m, m— 17 ceo,—mb

with hwg = 2pwg forvall B, Fwg = wg—_1 for B # —m, Fw_,, = 0. We write
Qov, = E;”:O ¢ (W)Fv, ®w; € M, ® V. Then,
0= <I>Z’° Ev,
= (AE)®, v,
=(E®q"+1® E)®) v,

Y (E®q"+ 1@ E)c;(n)F v, ® w;

<.
Il
o

I
NE

¢j(p) (a¥EF v, @ wj + Flv, @ Ewy)

<.
I
o

M-

(¢ (1)a* [ — 5+ Uglila + cj1(W)m + jlalm — j + Uq) F~ v, @ wj.

<.
Il
—
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So we have a recursive formula for ¢;(u):
[m 4 jlalm = j +1]q
9% [ — j + 1qliq

We also have co(u) = 1, since (%) = wp. So we can solve (7.1); we get

ci(p) = —cj—1(p) forj=1,...,m. (7.1)

J
cj(u):(_1)iq—i<i+1>[J]m+9 lim—i+1le forj=0,....m. (7.2)
=1

Now, for all £ we have
> Fry, = (AF)F <I>w°vu
= (Fol+q "®@F) oy,

k

k

= (l) (@ "FFteF). ch JFiv, ®w; by Lemma 7.18.
1=0 q-? =0

Hence,
m(As 1) = (tr|Mu ® |d)¢)ﬁ70q25\ ® wp

max{k,m} (k

_Z Z q(Afl)(#f%)cl(u).
l 42

k>0 =

We would now like to compute an explicit expression for Fy (A, ). For this
we need to compute Q(u). To do this, one can use Lemma 7.54. Namely, one
should take the determinant of both sides of the equality in the lemma in a
weight subspace of the tensor product of two finite-dimensional $i4(sl2)-modules
(see Etingof and Varchenko (2000)). This yields recursive relations which allow
one to compute Q(u) in the sl case. We will omit this computation and give
only the final result:

mo o —2u—2j4+2 _ q—2m

— q
Qs =" [T ey

Using this expression and the formula for ¥,,, (A, ), we obtain the desired formula
for Fy (A, p):

q U —1 N m 1!
— AL . q2m q
v(Ap)=q H —2u 2742 _gq-2m [q!lm — 04!

1(1—1)
2

(@—q Ylq>
TEo, (1= a=200)) [T, (1 — q=20-)
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7.5 Center of i,(g) and quantum traces
Let H be a Hopf algebra.

Notation 7.21 (Sweedler) For a € H, we will write A(a) as “a1 ® az” or
ual ® a2 7,

Proposition 7.22  Let x € H. Then the following are equivalent:

1. a1z as = e(a)x for all a € H;
2. x € center H.

Proof For (2) = (1), suppose x € center H. Then

ay zS(ag) = xZals(ag) = ze(a) = e(a)x.

(2

For (1) = (2), suppose a1 x S(az) = €(a)x for all @ € H. Let b € H. Then

xb = z(e ® Id)A(b)
= xe(by)ba
= b1 2S(bi2)b2
=mm®Id)(ld®zS ®Id)((A @ Id)A(D))
—mmold)(ld©zS® Id)((ld A)A (b))
— by 2 S(ba1 )bas
= by xe(bs)
= bye(bo)x
= (ld®e)A(b)x

= bx.

This proposition is easily generalized.

Definition 7.23  Let H be an algebra. An H-bimodule is a vector space V
together with two actions, m; : H®V — V (denoted h ® v — hv) and may :
Vo H — V (denoted v ® h — vh), such that (hiv)he = hi(vhg). Clearly, an
H-bimodule is the same thing as an H @ H°P-module, where H°P is the algebra
H with opposite multiplication.

Proposition 7.24  Let V be an H-bimodule, and let v € V. Then the following
are equivalent:

1. ayvS(az) = e(a)v for all a € H;

2. va = av for all a € H.
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Definition 7.25 A linear functional 6 : H — C such that 0(zy) = 0(yS?(z))
for all z,y € H is called a quantum trace.

Example 7.26  Suppose V is a finite-dimensional representation of H and g €
H is such that gzg~! = S%(z) for all z € H. Then 6(a) dof tr|y, (ag) is a quantum
trace, since 0(zy) = tr|y, (zyg) = tr|y, (ygz) = tr|y, (yS*(x)g) = 0(yS*(x)).

Proposition 7.27 (Drinfeld (1990a), Reshetikhin (1990)) Let 0 : H — C be
a quantum trace. Suppose that z € H® H is such that (A(a))z = z(A(a)) for
alla € H. Then C = (Id ®0)z € center H.

Lemma 7.28
(A@A)A =(ldRA Id)(A®Id)A

Proof (A ® A)A = (A®Ild®Id)(IdA)A = (A ®Ildeld)(A @ ld)A =
(ld®A ® Id)(A @ 1d)A. 0

Proof of Proposition 7.27 Let V = HQH, with a®v — A(a)v and v®a —
vA(a). Then, for all a € H, we have az = za. By Proposition 7.24, this implies
a1 zS(az) = €(a)z. Hence

()2 = Alar) 2 A(S(a2)
= A(a1) z (S ® 8)A"(az)
=mme@m)((ld®1d)? 2 (S ® S)*)(A @ A)A(a)
=mm®m)((ld®1d)'? 2 (S ® S)*)(Id A @ Id)(A @ Id)A(a)
(by Lemma 7.28)
= (a11 ® a121) 2 (S(az2) ® S(ai22)). (7.3)

Applying (Id ®60) to both sides of (7.3), we get

Ce(a) = (Id®0)((a11 ® ai21) z (S(az) ® S(a122)))
= (Id®0)((a11 ®Id) z (S(az) @ S(a122)S*(a121))) (# is a quantum trace)
= (ld®0)((a11 ®1d) z (S(az) ® €(ai2) 1d)) (since Sm(S ® Id)A = Se = ¢)
= (Id®0)((a1 ® Id) z (S(az2) @ Id))

a1 (ld ®0)(2)S(az)
= alCS(ag).

By Proposition 7.24, this implies that C' € center H. O
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Corollary 7.29  Let g € H be such that grg~' = S?(x) for all € H. Let
z € H® H be such that A(a)z = zAa for all a € H. Then, for any finite-
dimensional representation V. of H, we have (Id® tr|,)(2(1 ® g)) € center H.

Proof We know from Example 7.26 that 6(a) ef trly, (ag) is a quantum trace,
and the result follows from Proposition 7.27. O

Corollary 7.30 (Drinfeld (1990a), Reshetikhin (1990))  Let V' be a finite-di-
mensional representation of Uq(g). Then

Cv = (1d @ tr|,, ) (R*R(1 @ g*))

belongs to g (g) and is central.

Proof We apply Proposition 7.29 with H = $l4(g), 2 = R*'R and g = q?*. All
we need to do is show that Cy € Uq(g), i.e. that it is a finite sum. It is enough
to show that for v € V, f € V*, (Id®f)(R*R(1 ® v)) is a finite sum, which is
easy. O

Example 7.31 Let g = sly,V = C? = span{vy,v_}. We will calculate Cy.
We see that

Ov = (d® tr],,) (R*'R(Id ©9%))
= (d@trly)(@ 2 (1d+(q—q YF@E)q 2 (d+(q —q HE® F)(Ideq"))
(since E?V = F?V =0)
— (Id®@ tr] ) (a"" + (a —q 712" (F®E)q"s (E®F)(d@q")
by triangularity.

Now
q"*"(Id@q")(ld @vy) = Q" @ vy
q"®"(Ideg"(dev_) =q " T ou_;
T (FOE)QT (E®F)(daq")(dov,) = (qqiFqTE® v,)
=FE® vg;
q7 (FRE)Q T (E0F)(doq")(d@v_) = 0.
Hence,

Cy=q""+q "'+ (q—q')*FE

Note that this is true for q # 1. For g = 1, we have Cy = 21d. Nevertheless, we
can recover the Casimir even for g = 1 by taking the limit of (Cyy—21d)/(q—q~1)?
as q — 1.
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Theorem 7.32  The assignment V +— Cvy is a ring homomorphism

G(Repiq(g)) — center iy (g);
in other words, Cygw = CyCw for all V,W € Repilq(g).

Proof

Cvew = (Id® tr, @ tr, ) ((Id @A)R*)((Id ®A)R) (1 © ¢°° © q*°))
(Id® trly, © tr]y, ) (RIRIRPRZ(1 @ q* @ q%°))

(Id® tr], ) (R* (Cw © 1)R'2(1 @ q%°))

Cw(ld® trly,)(R* R (1 ®q*)) (since Cy is central)
CvCw.

Remark 7.33 If q is not a root of unity, then the homomorphism of The-
orem 7.32 induces an isomorphism G(Repiqy(g)) ® C = centerily(g). If q =
1, then it does not induce such an isomorphism; nevertheless, G(Repil(g)) ®
C and centeril(g) are still isomorphic. Namely, we have G(Repil(g)) ® C =
Clz1,..., 2], where r = rankg, and we also have centerq(g) = Clx1, ..., ;]
through the Harish—Chandra isomorphism.

Theorem 7.34
Cvlag, = xv(@# ) 1d.

Proof We see that

(I trl, ) (R*R(1 9 ¢*7))v,,

(Id@ trly, ) (R* g= 2% (1@ q*7))v,,
(I trly)(a? = (1@ q*))v,,
(tr]y (a? 2 10Xig?))v,,

(trfy q2ﬁ+2ﬁ)vu

v (@),

CVVM

For all a € $y(g), we have Cy (av,) = aCyv, = xv(q***?P)(av,) since Cy is
central. So Cv |y, = xv(g**27)1d. O
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7.6 The functions 7y, and Xy

Now we begin the proof of Theorem 7.7. We will first prove the Macdonald-
Ruijsenaars equations for Fy . The proof depends on a series of lemmas.

We will be working in M, @ V ® V* ® q(g). The four components of this
tensor product will be respectively labelled 0,1, 1* and 2, and subscripts or su-
perscripts 0, 1, 1%, 2 or a combination of them will indicate that the corresponding
expression lives in the specified components. Let

Dy =D B @l My~ My VeV,

where {v;} is a basis of V. Let

Zy (A i) = trfo (@)1 RGN

Lemma 7.35 Then

Zy(\ 1) = R4 Zy (A, ).

Proof
Zy (A p) = trfy (2701 R?q3)
= trly ((d @A) (R)™ 101 g3)
_ tl’|0 (R21R20(I)L/,011*q(2))\>
R2! tr|0 (Rzo@l\?on*qgf\)
— R21 tr|0 ((I)L/,ou*qg?\Rzo)
— R21 tr|0 (qgf\q%f\@x,on*Rzo)
_ Rzlq%’\ tr|0 ((I)L/,ou*Rzoqu\)

= R*qP Zy (A, ).

d

Definition 7.36  Let J be the usual (universal) fusion operator. Then the
modified fusion operator is J(\) = J(—=X — p+ +(h' + h?)).

Lemma 7.37 B B
R NT (V) = T (N2 (g*H)1.
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Proof Let W,V be representations of 4q(g). We know from the ABRR equation
that

Jwv (N (Id ®q2(5\+ﬁ)_2i X?) - R%}Wq— X ®% (Id ®q2(5‘+ﬁ)_27‘, X?) Jwv(N).
_ _ (7.4)
Now we right-multiply both sides of (7.4) by q 2P © q=2(A 7). Since Jyy
has zero weight, we know that it commutes with q=2 7 @ q=2(*2) Thus,

Jwyv (N (q—2(i+ﬁ) ®q- ZiX?)
- R%/lw (q—2(5\+ﬁ) ® Id> q- > (xi®xi+Id ®X?)JWV()\)' (7.5)
Now, if w®@v € W[v — ] ® V[u + 0], then

q~ Zia@atd @) () @ ) = g~ (= BrtBHuBuE)) (4 & v)
— q7<v+#,#+ﬁ> (w @ v)
= (d2q~ ) (w @ v).

Let us apply both sides of (7.5) to W[v] ® V]u]. This gives
Jwv(A) <q*2(5\+ﬁ) ® qfﬁ>
=Rty (4727 @ q ) Jyy (A (on W@ V). (T6)

Right-multiplying both sides of (7.6) by q"*#) @ q("*/) (using again the fact
that J has zero weight) gives

Jwy (\) (q—2(X+ﬁ)—(D+ﬁ) ® qﬂ)

=Ry (a2 @1d) Sy () (on W@ Vi), (7.7)
We then replace A by A+ 3(v + p) in (7.7). We get:

Jwv (A + %(1/ + u)) (q_Q(Mﬁ) ® q’7>

= RYwar My A+ 2w+ ) (on W)@ Vu).
Thus the following holds on W ® V:
Jwv (/\ n %(hl n h2)) qzix7¢®xiq;2(5\+ﬁ)
= REwar "M Ty (A + S0 + 1))

The result follows upon replacing A by —(\ + p). O
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Lemma 7.38

le,B’(A)le ()\+ %h3) — jl,QB’()\)jQB ()\ _ %hl) .

Proof We know that
T3\ TN = h3) = T8 (N)JTE()N). (7.8)

Using the fact that J has zero weight, we can replace A by —A—p+ % (h+h2+h3)
n (7.8), and the result follows. O

Lemma 7.39  For generic A\, a solution

X= 3 2@ wt?e? = (-5,p) (7.9)

BEQ+

of the equation B
X =R¢?X (7.10)

is uniquely determined by x(©) (here wt'? denotes the weight in the first and
second component).

Proof We may write

R = Z L' wt2 L) = (4, —y), L'O = gqXsxi®x
YEQ+
So if (7.9) is a solution of (7.10), then
Z 28 — Z q 20 (L/(v))ﬂx(ﬁ)_ (7.11)
BEQ+ 7,B€Q+
We then extract the term of weight (—8’, 8') from both sides of (7.11). Using
the fact that (L'©)212(8) = qEsxi®xi1(8) = q(8"#) (5" this gives us
2B = Z q 2B (LB =821 5(8) 4 = (22+8"8) (87 (7.12)
0<B<p’

For generic A, we have (2\ + 3, 3') # 0 for whenever 3’ € Q4 \ {0}; thus, (7.12)
becomes

) e 3 QIO IR, forall € Q\ (0],
0<p<p’

By induction, it follows that X is uniquely determined by z(?. O



The functions Zv and Xv 95

Proposition 7.40
Zy(A ) = TNy (A+5h%0) .

Proof On the one hand, we see that Z = Zy (A, u) satisfies (7.10), by Lemma
7.35. On the other hand, Lemma 7.37 implies that

R21 (q2x)1;’7(>\)\11%/ ()\ + %hz,,u) — j(A)qZ, Xi X4 (q2/_\)1\:[j%/ ()\ 4 %h2”u) ) (713)
But Uy € V[0] @ V*[0], so (h ® h)Py = 0. Thus (7.13) becomes
RA@NTENTY (A + 5%, 1) = T2V (A + 557 p1),

hence Y = J'2(A\) U, (A + $h2, p) also satisfies (7.10).
Furthermore, the term of weight (0,0) in Y is W{, (A + $h% ). Let us now
compute the term of the same weight in Z. We note that (Zy(\, u))® =

trlo ((I)VOH (R20)(0)q2)\) _ tr| ((I)VOH*qZ Xi @X; 2A) Then, let v € M,y €
g (g). We have:
< DX * 2(SWty+A
((I)VOII qz i® ‘qz’\)(v@)y) ((I)V,Oll qo(2 ty ))(v®y)
— t|’| ((I)VOII qz Xi ®x,q2)\) \I/V ()\+ h2”u)

hence, Z(® = Y(©® = ¥}, (\+ 112, 1) . By Lemma 7.39, we conclude that Z =
Y, which is the desired result. O

We will now be working in M,, @V @V*®@4q(g) @4q(g). The five components of
this tensor product will be, respectively, labelled 0,1,1*,2 and 3. Let Xy (A, ) =
tr|0 ((I)(ﬁ)tll*RQOq(Q)A(RO?,)fl)'

Lemma 7.41
Xv (A p) = R*23q2 Xy (A, gz 2N (R~

Proof
Xv(hp) = trl ()1 RPg5NRY) ™)
= tr], ((R03)*1<I>211*R20q85‘)
— R13 trl, (@011*(7303)717320 2?\)
_ Rld tr |0 (@011*R23R20(R03) (RZS) 1 2/\)
R13R23 tl’|0 (@011*7220( ) )(R23)7
_ R12’3Q§AXV(>\,M)Q 2\ (R23)
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Lemma 7.42  Let Y\, p) = T2\ 71Xy (A, ) T32(N). Then,

Q3 qP KO ENHIENOVY (X, ) = Y (A, j)g5t g 1 EE, (7.14)

Proof We have
Y (A p) = T¥2(0) gz (R 71Xy (A, w) RPN T*(A) by Lemma 7.41
_ —1 _
_ ((R12,3)q§/\j3,12()\)) XV()\,M)R%q%’\JS?()\)
=1 _
_ (._73’12 ()\)qzi(Xi®1®xi+1®xi®xi)q§)‘) XV ()\’ ,u)j32 ()\)qZ‘ 1®xi®xiq§)\
by Lemma 7.37
_ q— Zi(x'i®1®x'i+1®x'i®Xi)q52)‘j3712()\)_1XV()\7 M)jS? ()\)qg)\qzi 1®x; @x%;
=q Z,i(Xi®1®xi+1®xi®Xi)qg2)\y()\7 M)q%qui 1®x%; ®x; by Lemma 7.41,

and the result follows. O

Proposition 7.43
Xy () = TH2O0T2 (A= 30%) WL (A + 302 — 1h%, 1) 792 ()7,

Proof We can write (R%)~! = q7®< + Ny, where N; consists of terms of
negative weight in component 3. Now
Xy (A ) = try (2 RGN (a7 4 V)

( 0
IJ‘ —
= tr, (égll*Rzoqg’\q*X@”) + N3, where wt Ny < 0 in component 3
(@ill*Rzoquqaﬁ) + N,
=Z ()\ - %hg,u) —|—N2
Since J is lower triangular with ones on the diagonal, and since Y (A, u) =
T332\ Xy (A, 1) T32(N), it follows that

Y(A\p) =Z (A= 3h% 1) + N3, (7.15)

where N3 has negative weight in component 3. Now let Y3 denote the term of
weight 8 = (81, B2, 03) in Y. Extracting the term of weight 5 from both sides of
(7.14) gives

A3 g2 CeEIETIENE Y (X, 1) = V(A, p)az g 1O, (7.16)

and if we apply both sides of (7.16) to an element v of weight (v1,72,73), we get
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q<2)\+ﬁ1+’71+52+’72ﬂ3+’)’3)YB()\, v = q<2)‘+72’73>Y;3(/\, v (7.17)
Now it is clear that unless 53 = 0, we will have

QAN+ B1 + 71+ B2 + 72, B3 +73) # 22X+ 72,73)

for generic . From this it follows that Y3 = 0 whenever 83 # 0, and thus N3 = 0.
We thus conclude that

and the result follows from Proposition 7.40. O

Corollary 7.44

trly (R*(R%) 710} 01 g3 (7.18)
_ q2—2Aj3,12(A)j12 ()\ o %h3) \I/%/ ()\+ %hQ _ %h3aﬂ) j32(}\)—1q3A-

Proof Follows from Proposition 7.43. O

7.7 The function G

Proposition 7.45

xw (@@ PPN Ty (A, p) = Z trly ((é(A) ® |d)va(>\)) Uy (A +v,p),

where G(\) = q~2?Q~ (A + h)S(Q)(\)

Let J(\) =Y, ci®@d;(\) and T~ 1(A) =Y, i @di(N). Let R =), a; @ b; and
R~ =3, a, @bl. As before, u will denote the Drinfeld element (see Definition
5.9).

Lemma 7.46

Proof The lemma follows from applying mss; o (S™! ®1d ®S71) to the cocycle
equation for J,

JZ3NIPA+ ) = IVE (NI ().
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Lemma 7.47

ST d (VeS8 () = = QTN+ h)S(u)g?,
k

Proof From Theorem 5.8, we get
‘7_1(/\)611_2;\ _ qzlxlqu—Q;\j—l()\)Rﬂ.

Applying m2;S; to both sides of (7.19) gives

Zd/ 2/\S ck — qzle Zd/ a; S(bj)S(C;C)qQ/\‘
J.k

But S(u) = >_, a;S(b)), so the lemma follows from Lemma 7.46.

Lemma 7.48  For any z,c € Yq(g), we have

S(u)q**S(c)g*z = q**S ™! (c)2S(u)q*.

(7.19)

(7.20)

Proof We have S(c)q*” = q*’S~!(c), by Proposition 4.26. Furthermore, we

know that uq=27 is central in $l4(g), by Proposition 5.13. Hence, S

Huq™?7) =

S(S72(uq™?7)) = S(q~%"u) = S(u)S(q??) is also central, and the result follows.

Lemma 7.49

YA @ a8 e)a P dE (M)

= g0 3 e T () @ 1d)S ! (e)S ™ (0 )a " di (V).

.8

Proof From Theorem 5.8, we get

q%le,QB(/\)qu\ (R23:1)~ 1j1,23()\)q21(Iz)l((rl)z'i'(fl)s).

The lemma follows from applying m;3 0 S7* to both sides of (7.21).

Lemma 7.50

Zagl ® S 1 (b)al’ = Zak ®u”tby.
3

i

d

(7.21)
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Proof We know that (A ® Id)(R) = R¥R?3; hence,
(AId) (R = (R®)"HR?®) (7.22)
Applying m3s 0 S5 " to both sides of (7.22) gives

Sall s at =Y aj © STHBL)STH(Y, )]
i 3k
= Za; ® S (b}, )u"! by theorem 5.11, part 3
= Z ap @u~S(by,) by theorem 5.11, part 2

=uy (Id@S)(R™)
= uglR by Proposition 4.41.

Lemma 7.51
1 2 _ 1 2 —1 1A1
% S(ci)d; (\) ® d; (\) =S(Q) <A+2h>lj <A+2h>,

where h' denotes the weight of the first component after the action of J 1. (Note
that h? is defined similarly.)

Proof Follows from applying mis 0 S; to both sides of the equation in Lemma
7.38. 0

Lemma 7.52
ST a0 @ g8 e)a )

qu(acz)Q((acz)1+(:cl)2)(u—l)QS(Q)(/\ + h1/2)2(j21)_1(A + il2/2)R

Proof Follows from Lemmas 7.49, 7.50, 7.51 and from the fact that R23 7123 =

\71,327?/23. O
Proof of Proposition 7.45 The right-hand side of (7.18) can we rewritten
as

q; Zdl (Ne; @ d2(N)d;(A — h3/2) @ ¢

Ty (A +h?/2—h3/2, 1) (Z Id ®d), ® ck>
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We then apply ma3 oS3, followed by tr|y, ( o qgﬁ) to both sides of (7.18). The
left-hand side of (7.18) becomes

trlyy, trly (RPORPZ@YO1 q22q27) by Proposition 4.41
 tl (Cw B o)
= xw (@) Uy (A, ).
The right-hand side of (7.18) becomes

Zdl )e; Uy (A + 2, )

trly, (a7 2N d; (A+ $02) i (Na?'S(ch)S(er)a™ )
Thus,
Xw (@F YWy (A, )
= Y di(Ne; tlyy, (a7 BN A+ h2/2)) Ty + b2 )

i,k

< (dh(\)a?S(ch)S(e)a”)
- Zd )e; Uy (A + B2, )

x tr|W2 @7 (Q7M A+ h)S(w)aS(e))q? P (N d; (A + h%/2))
(by Lemma 7.47 and the cyclic property of trace)
= Zd )e; Uy (A + h2, p)

%ty =07 (Q7H O+ H2)aPS T e)a” A (N)d; (A + B /2)S ()™ )

2
(by Lemma 7.48)
= Z tr|W ( )® |d)va(/\)> Uy (A+ v, p1)
(usmg Lemma 7.52 and the identity uS(u) = q~*7).
O

Now let J(A\) = 3, a; ® bi(A); then Q(A) = >, S™H(bi)(N)a;
Lemma 7.53

Z STHbi(V)a; @ STHB;(N) = (ST @STHIN ) (QIA - ) ® 1)

(using Sweedler’s notation).
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Proof J satisfies the dynamical twist equation:

JUBNIBN) = I23NI2 (A +hP), or

D ai @b (Na; @ bF(Nbj(A\) =D ajar @ apbi(A + h%) @ br(N). (7.23)
i,J k,l

Applying (my; ® 1d3)S; ! to both sides of (7.23) gives
Z S~ (bi)(Na; @ b7 (A)b;(A)
= Z S7L(b) (A + h*)S™Ha?)apar @ b(N)
= Z S~ bH(Na; @ b2 (\)b;(\)
= Z STHb)A + k) a; @ ¢(N)
= Z S~ b)) (Na; @ b7 (A)b;(N)
= Q(A +h*)®1, since (e®Id)J(\) = 1. (7.24)

We then apply S5 ! to both sides of (7.24). Since So(Q(A+h?)®1) = Q(A—h?)®1
we get

Z S” bi(A\)a; @ S7H(b;(A)STI (B (V) = QA — h*) @1

— (5 @S T)EM) SIS (B N))a @S (B2(N) = QA - h) @ 1.

P

The result follows. O

Lemma 7.54

AQMW) = (S®S)I (M) (Q) ® QA — h)I(A — ' — h?)~!

Proof First, we apply Az to both sides of (7.23):
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D ai®@bj(Na; @ b7 (A (A) @ b7 (A)bF(A)
= ara @ agbi(A + h* + h*) @ bp(\) @ bE(N)
=Y a; @' (Na; @ b2(A)b) () @ b7 (A)bF(N)

= apa @ apbi(A + h* + h*) @ bL(N) @ bE(N). (7.25)
k,l

We then apply (my4; ® mzz) o (Id®@1d®S™ ® S™1) to both sides of (7.25):
Z S™ “HOFN))a; @ STHB;(N))STHBE(A)b (Vay

=3 STHBE(\)aja ® STV (bE(A))agbi(A — bt — h?)

= Z STHBI(N)STHBI(N))as @ STH(b; (A)STH(BA(N)b;t (Vg
= A(Q(A))J(A —ht —h?). (7.26)

Now

ST @STHB)b = (87T @ STH(b] @ S(b;)b;?)
= (ST @87 oioe)(AP (D))
=S7'(h)®1,

so the left-hand side (7.26) becomes
Z STHB2(N)S T (bi(N))a; ® STH(BE(N))ay
=Y ST T)QMN) @87 (b (V)ay

(Zs (05N ) QW ®1)
=SS ™HI*N)HQMW) ® QA — ') by Lemma 7.53.
Thus (7.26) becomes
AQM))I - k! — h2) = (571 & SH(I () QM) & QA — b)),
and the result follows since S? = Adq* = (S? ® S?)(J(\)) = J(\). O



The function G 103

Lemma 7.55
AGN) =TGN+ h2) @ GN)IN) L

Proof From Lemma 7.54, it follows that
AQT(A+R)
=JN)(QA +h' + %) @ QA+ h?2))(S @ S)(J?H (X + h' + h?))
and
A(S(Q)(N)
=S @S) TN+ + 21 HS(Q)A + 1) @ S(Q)(V)(S? @ SHI(\) .
Using (S? ® S?)(J()\)) = J(A), we conclude that
A(G(N)
=A(@)AQ (A +h)A(S(QM)
=@ 7297 IN(QA +h' +1%) ® QA+ h?)

X (S(Q)(A +1?) @ S(Q)(N)I(N) ™
= I (@ QA+ h! +1*)S(Q)(A + 1?) @ a~ QA + h*)S(Q)(X)I(A) ™
=JN)(GA+h) @ GN)IN) L
O
Lemma 7.56  Suppose that we have functions
ni " — Wa)[[h]], i=1,...,dimb,
satisfying the “zero curvature equations”,
(A + fw;)n;(A) = n; (A + hw)ni (X)) for all 4, j, (7.27)
with n;(0) = 1 for all i. Then there ezists g : h* — U(g)[[7]] such that
g(A 4+ Tw;) =nj(AN)g(X)  for all j. (7.28)

Proof We will prove by induction that for each N > 1, there exists gtV : h* —
U(g)[[A]] such that

g NN+ hw;) = n;(Ng™(N) mod Y for all j, (7.29)
with the condition that
gVt = g mod AN for all N. (7.30)

The result will then follow upon taking g = limy s ™).



104 Traces of intertwiners for tq(g)

Since 7;(0) = 1 for all 4, we can take ¢g(*) = 1. Given ¢g\¥) satisfying (7.29), we
let
)y = IO hwi)

; = for all A, 1,
g g™\

and

(N (\) = /ACY \, i,
' ™M (A)

It is clear that for all 4,

Pyi(N)()\) =1+ O(hY) for all A and 'y-(N)satisﬁes (7.27).

K3

Writing V(N)

%

(A) = 1+2Nb;(\) + O(RN 1), and extracting the AV ™! term of the

zero curvature equation (7.27) for 7§N), we get

Obi_ b,
8wj &ui

=0 for all 4,7;

hence, there (locally) exists ¢ : b* — U(g) such that b; = 9¢/0w; for all i. We
then take

gV = g+ BV H(N));

we see that

ni(N)gP I
=AM NG AL+ BN BN
=AM N g™ (A + hw) (1 4+ BN 1H(N)

1+ AaN=1p(N)
L+ AN=1o(N + hw;)

= (1+ BVbi(N) + OB T g+ (X 4 huwy) (7.31)

But

L+ AN g+ w) LAV TI6(N) + RV G + OV
1+ A1\ 14+ AN=1p(N)
=14+ AaVb:(N) +O(rN ).

Thus (7.31) becomes
n(Ng VYR = (1+ 0NN (A + ),

so gVt satisfies (7.29). It is clear that the condition (7.30) is satisfied, so the
proof is complete. O
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Now consider the equation

AX(\R)=J (%) (X(A+Rh* h)® X(\,h) I (%) , (7.32)

one of whose solutions is G (%), which is a Taylor series in i with constant term

1. It turns out that this allows one to find G (%) very explicitly. Namely, we have
the following proposition.

Proposition 7.57  Let X(\, h) be a solution of (7.32) of zero weight and con-
stant term 1. Then,

1. If X(\,h) acts by 1 on the highest weight vectors of fundamental repre-
sentations, then X (A k) = 1.
2. In general, X (\,h) = %, for some g : h* — U(g).
Proof For 1, fix A = A\g. Suppose that X (X, /) # 1 and let m be the lowest
nonzero power of i in X (Ao, h) — 1. Let X = limp_o X (Ao, h)/A™ € $4(g). Then
Xo # 0, and (7.32) becomes

A(1+R"Xo +O(R™h))
=J (%) (1®1+r"Xo®@1+1® "Xy + O™ ) I (%) . (7.33)
Extracting the coefficient of A™ from both sides of (7.33) gives A(Xp) = Xo ®
14 1 ® X, which implies that Xy € g. But X has zero weight, so Xg € h. We
also have Xov,,, = 0 and hence w;(Xg) = 0 for all i; thus Xy = 0, which is a
contradiction. Therefore, X (Ao, ) = 1, and the proof of 1 is complete.

Let us now prove 2. For all ¢, let X (A, A)vy, = 1;(\)vy,. We will consider the
action of X (A, h) on vy, 4w; € Vi, 4w;, which is the same as v,,, ®@v,,; € Vi, ®V,,.
(Note that Vi, 1o, C Vi, ® Vi,;.)

Since J is upper triangular with ones on the diagonal, it must act as 1 on
highest weight vectors. Thus, for all 7, j,

X()‘v h)vwi+wj = A(X(>U h))(vwz & ij)
= (A A+ 1)1 (A) Ve, ;-
Then the n; satisfy (7.27), so Lemma 7.56 implies the existence of a solution g(\)
of (7.28). Taking X(X,h) = X (X, h)g(N)/g(A + hh), we have X (X, h)v,, = vy,

for all ; by part 1, we get X (A, h) = 1, and hence X (A, h) = g(A + hh)/g(N).
This proves 2. O

Corollary 7.58

Here h is a simplification of the dynamical notation h'.

for some f.
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Proof Part 2 of Proposition 7.57 implies that G (M\/h) = g(A+ hh)/g(\); thus,

GO = F\+B)/F(N), where f(z) = g(ha). g
We showed before that G(A) = f(A+h)/f(\) for some f. It remains to deter-

mine f(\).

Proposition 7.59  f(\) = 0q(\), where 54(\) = g>*7) [oer, (1— q 2he)),

Proof Let My =Y, trly, ((G(A) ® Id) RWV(A)> T,. Recall that

My Fy = XW(q_QS\)FV7

and hence
My (N 1) = xw (q‘“‘”’j)) Ty (A, ), (7.34)

is satisfied for all representations V. Let us take V = C. Then M, ® C = M,,
so the intertwiners are scalar; hence,

Uy (A, p) = trlyy, q**
= > ™ dim My [~ f]
50
Rl
a€R+ (1 )
2(>\ wtp)

= W. (7.35)

Applying My to both sides of (7.35), we get

)\+]/) ()\,M+P>
My ¥ )\ di W T . 7.36
w0 = 3 dim W =as= TS (7.36)

From (7.34) and (7.36), we get

q2<>"l"+p>
dq(A)

fON+v) > tvonte) 2t ) 2(A,ptp)
ZdlmW o) e = <q )W (7.37)

)\—l—u) q2Aokte) B 2t p)
2 dm W= g o (@)

Clearly, f(X) = dq(N) satisfies (7.37); but one can easily check that a rational
solution to (7.37) is unique up to scaling. This completes the proof. O
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7.8 Macdonald—Ruijsenaars equations

Now we can finally prove the first statement of Theorem 7.7:

DY Py (A 1) = xw (a2 Fy (A, ).
Proof We have

meﬂm%rhdku):§:tmmﬂ(é%i;;L®H>RWVQﬁh4A+MM)

v

=8N trly Rvv (NT0dq () Wy (A, )

= 6,(N) DS, (MW (A, ).
Hence . \
Xw (@FF) Ty (A, 1)3g (A) = DT, 1)3g (N).

The result follows upon first replacing 1 by —(u+ p) and then right-multiplying
both sides by Q! (). O

7.9 Dual Macdonald—Ruijsenaars equations
We consider Fy (A, ) € V[0]@ V[0]*. Let {v;}, {vS} be dual bases for V, V*. Let

@) My — DMy @V @V

be defined by
v def v; *
o, = E ¢, @y

(2

For generic p, we have M, @ W =" W(v] ® M, 4,. Let

n:ZW[V]®MH+V_)MH®W

be defined by
def )
n(w®y) = 7 (y),
and
EY W] @ My, — @pW] @ Myg@V o V?

be defined by
lef _
Ev < n 1PV®V*,WRVW ((I)l‘i/ & |dw) 1.
By the defining properties of intertwiners, we can write

E" = Lyy-(p,v) (Idwp @@}, ,

where
Lwvs(u,v) : W@V - WeV*

is linear.
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Lemma 7.60

Lwv-(u,v) = Rwv (n+v)",
where ty is the adjoint in the “V” component.
Proof We have
PygvewRvw (®) ®ldw)n =nLwy-(u)(dw @@, ,), (7.38)

where both sides are defined on ) Wv] ® M, 4,. Let us apply both sides of
(7.38) to w ® y, where w € W[v] and y € M,4,.
For the left-hand side, we get

Pygv-wRvw (@), @ ldw)n(w @ y)
= ZPV®V*,WRVW(‘I):}; ® v @ ldw)®}, Y

(2

=> (PrwRvw (2} @ ldw)®,), ,y) @ v}. (7.39)

Now let Lyyv+(n) = 32, pj ® ¢;. Then the right-hand side of (7.38) becomes

nLwv-(u)(ldw @@, ) (w ©y)
=nLwv-(1) (Z WP, Y® vj)
=S "0 (pjw Y,y @ q50))
i
= 3 (O e ©10) (¥ S0
i

= > (@ @1d) (@ y @ 0. (7.40)
i
Comparing (7.39) and (7.40), we get that for all homogeneous v € V,

PywRyw (@4 @ 1))y = (7)) ., @1d) &7y, (7.41)
J

Taking expectation values in (7.41), we get
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PywRvw Jvw (1 + v)(v @ w)

=Jwv(u+v) (ij ®q}‘) Py (v @ w)

J

= > p;@q =T (n+ V)R TRy (1 + v)
i

= > p;@¢ = Rwv(p+v)
i

= Lwv-(u+v) = Rwy(u+v)"=,

which proves the lemma. O
Lemma 7.61
Ry (u)""

= (Q(1) ® Q(u — h")) Rw-v- (= h' —=h*) (Q M (n—h*) @ Q’l(u)() "

7.42

where t1 and to are the adjoints in the “W” and “V” components, respectively.

Proof Note that

(Rlypey)"™ = (S@S)R) (1)l gy -

so it is enough to show that

(S®S)R) (1) = (Qu) ® Q(pu — h")R(u — h* = h*)(Q  (u— h*) ® Q™' ().

We know that
R(p) = I () R* I (). (7.43)

Now recall that
A(Q(w) = (S®8)(I* (W)™ )(Qw) ® Qu — h')I(u — b — h*) 7
hence,
(S®8)(I* (1) = (Qn) ® Qu = h))I(n — h' = h*) T AQ ™ (n)  (7.44)
and
(S®@S)(I™ (1) = A*H(Qu)I*! (u—h! = 1*)( Q7 (n—h*) @ Q™! (1)); (7.45)

also, recall
(S®S)(R) =R. (7.46)
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Using (7.43), (7.44), (7.45) and (7.46), we get

(S®S)(R(w))
=(8@8)(I*'(n)(S®S)(R)(S®S)(I~ (1)
=(Q(w) @ Q(u—h"))I(n—h' —p*)'AQ ()R A*(Q(p))

F p—nh' = 1) (Q  (n—1*) @ Q" (u)
= (Q(u) @ Q(u— k") I(u — h' = *)T' R I* (1 — h' — h?)
Q' (n—h*)®Q (1) using R*'A*(z) = Ax)R*,z = Q(u)
= (Q(w) @ Q(u—h"))R(u—h' = 1*)(Q ' (u—h*) © Q™' (),

and this completes the proof. O
Lemma 7.62  The trace of
(@) @ Idw) (qQ;\@q?;\) M, W — M, 0V oV @W.

is equal to Uy (A, 1) xw (4*)

Proof We use the fact that the trace on a tensor product is the product of the
traces on each component:

trar, o (P} @ ldw) <q2i ® q2i> _ (tr|MH (I,L/qu> (tr|W q2x>
= Wy (A pw)xw(@*).

Now we are ready to prove the second statement of Theorem 7.7:

DY By () = xw (@) Fr (A, ).
Proof By Lemma 7.60, we have

N PygvewRvw (®) ®ldw)n=E" = Rwy (u+v)?(Idw @@}, ,); (7.47)

we then multiply both sides of (7.47) on the right by q25‘ and take the trace. For
the left-hand side, we get

tr <PV®V*}WRVW (@Z ® ldw) (qz;\’M ® qz/_\‘W)) . (7.48)

Now

tr|M“ (RWV(I)X qu‘M ) = t|'|M,L (CI)L/ q2)\’M ) 7
W I
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since ®Y (M) C M, ® V[0] ® V*[0]. Also,
trl R 25\‘ — ¢ S xily @il 25\’ — ¢ 2}7
fhy Rvw a7 = trly g a|, = trlwa

since we are in V[0]. This shows that we can omit the Ry from (7.48)—it does
not contribute to the trace. Thus (7.48) equals

tr <(¢Lf ® ldw) (q%’M‘L ® qu‘W>)

= Uy (\ p)xw(q*') using Lemma 7.62
=Wy (A p)xw-(a~?). (7.49)

For the right-hand side of (7.47), we get

Ztr RWV(M + V>t2(|dW[l/] ®(I)Z+l/)q2)\
=y (tr|WM Rwv (u + V)”) Uy (A p+v)

= Z (tr|W*[7V] Rwv (1 + I/)tlt?) Uy (AN p+v) (pass to the dual). (7.50)

Equating (7.49) and (7.50), and making the substitution yp — —pu — p, we obtain

Xw (@ )Ty, == p) =Y trly Ly Rwv (i — )" 20y (A, —p = p+ 1),

’ (7.51)
Now let (A, ) = U(X\, —p — p)dq(N), so that Fy (A, 1) = Q1 (u)p(A, p). Then,
substituting v — —v in (7.51) and multiplying both sides of (7.51) by d4(\) gives

v (A w)xw-(a")
= Z tr|W*[z/] Rwv (u+v)""20ov (A p+v)

= Q' (Wev (\ wxw- ()

= Q7 (1) Y trlyep Ruvv (i + )12 Qu + 1)Q 7 (n+ v)pv (A, i+ v)

= Fy (A p)xw-(q~>)
= trlye (d@Q ™ (1) Ry (1 + )2 (1d @Q(1 + 1) Fy (A, 1 + v).

(7.52)

We will now use Lemma 7.61. Making the substitution p — p+h'+h? in (7.42),
we get
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Ry (i + h' + h*)0t
= (Q(u+h'+1*) @ Q(u+ h?) Ry« ()
Q7'+ 1) ®Q 7 (b + 1)), (7.53)

Substituting (7.53) into (7.52) gives the following (note that Ry (1 + v)"2
acts on W*[v] ® V*[0] in (7.52)):

xw- (a2 Fy (\, )
= trly (d@Q™ (1)(Q(1 + v) ® Q1) Rw-v- (1)

Q' (u+v)@Q H(u+v)(d@Q(u+v) Fv (A pu+v)
=3 trlye ) (Qu + ) @ 1d) Ry () (Q (1 4 v) @ 1d) Fy (A, i+ v)

= Z trlyep Roeve (W Fv (A, 4+ v)
=D R\ ).
This proves the theorem. O

7.10 The symmetry identity

Lemma 7.63 (Etingof and Styrkas (1998))  The rational functions represent-
ing the matriz elements of the operator ®}, admit Taylor expansions in

C[[q<a17u>7. ) _’q(amm]]_

Sketch of proof It suffices to show that the coefficients of the vector w def
@, v, have this property. This follows from the recursive equations on these
coefficients coming from the equations E;w = 0. O

Corollary 7.64  For fized \, we have

Fy(\p) € g XM C[[q= (e L q= (@ "] @ End V[0].

We now prove the third statement of Theorem 7.7:

Fy (A p) = Fy«(p, A)”.
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Proof Combining Theorem 7.5 and part 2 of Theorem 7.7 with Corollary 7.64
gives

Fye(p, A)" = (1@ M(p)Fv (A, 1)
for some M (p) € C[[q(@#) ... g~ {*"]] ® End V[0], and

Fy (A, p) = (M) @ Id) Fy - (1, A)

for some M(\) € C[[q— (N ... g~ N @End V[0]. Then M (\)® M (1) = Id,
so M(p) is independent of p. Comparing the highest terms of Fy (A, u) and
Fy-(u, \) (they are both q=2M#)), we conclude that M () = Id, and this proves
the result. O



8

TRACES OF INTERTWINERS AND MACDONALD
POLYNOMIALS

8.1 Macdonald polynomials

Consider g = sl, with weight lattice P. If A\ = (\1,...,A,), then let 2 =
:Ei\l -.-xpm. Then C[P] is the ring generated by the monomials of the form

n
A= N €LY Ni=0,
i
where z; = €%, and C[P]®" is the subring of &,,-invariant polynomials, where

&,, acts by permuting the z;.

Definition 8.1  The monomial symmetric function my is given by

my = E M.

HEGS A

Claim 8.2  {my : A € P} is a basis of C[P]®".

Definition 8.3  The Macdonald operator My : C[P] — C[P] is defined as

follows:
- tr; — t_le
M= YT (=)
i=1 j#i
where T;f (z1,...,2,) = f(21,...,9%T4,...,2,),t,q € C,t = q*. (For simplicity
we will restrict to the case k € Z..)

Proposition 8.4 M;(C[P]®") C C[P]®".

Proof It is checked directly that for every symmetric polynomial f, the residue
of M f at the hyperplane x; = x; is zero. Hence the result. O

Proposition 8.5
Mimy = cxamy + g CauMy
<A

for some ey, with ey = Y i, q?rit?re.

114
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Here 1 < XA means A\ — pu = koo, ko > 0, and X # p. Also p =

OZER+

(nfl n—3 lfn)

g )

Proof

M1m/\
n i—1 T e T k n €T > T F

—1%J J i -1 i
= t—t 1L — —t—+t — | Tim

S (-2 (S(2)) I (5 ee) X (5) o
i=1 j=1 k=0 Jj=i+1 k=0

n 1—1

Z H t ﬁ t=' | g m, + lower order terms

i=1 \j=1 j=i+1

cxamy + lower order terms.

d

Proposition 8.6  There exists a unique basis {Px rq |\ € P+} of C[P]®" of
the form
Pxkq =mx+ Z dx,u(q, k)my,
n<A
such that
MiPy g = cxx(a, k)P kg,

and dy,,, 1s a rational function of q.

Proof We note that for A € P, the \; +kp; form a decreasing sequence; hence,
given

n n
e(q) = Zqz/\it2ﬂi _ Zq2(/\i+km)
i=1 =1

as a rational function in q, we can uniquely determine .
Thus, for generic q (or over C(6), where 6 is a fixed nth root of q), all of the

ey are distinet; but the ¢y are the eigenvalues of My, so the result follows.
O

Definition 8.7  The polynomials Py i q from Proposition 8.6 are known as the
Macdonald polynomials.

Definition 8.8  For k € Z, the Macdonald denominator Aq i, is

Aqye = ki [T @-gme) = ki 11 (1 - qmi—;) :

m=0 a€Ry m=01i<j
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Definition 8.9  We define a symmetric inner product on C[P] as follows:
(f,9), = constant term of fGAq xAq.k;

where the “constant term” of h =", exmy is co, and A =eNg=q,5(2) =
g(x=b). (Here (xy1,...,x,)"" = (7", ..., z;").) It can be shown that this form
is nondegenerate if q is not a root of unity. This is clearly so for generic q.

Proposition 8.10 M, is self-adjoint under (-,-),.

Proof Note that (f,g), = (f,92qx8q.k),- Now, the adjoints of h(z) (multi-
plication by h(x)) and of T; with respect to (-, -), are h(z~') and T}, respectively.

Let us now compute adjoints with respect to (-,-),. It is clear that h(z)* =
h(z~1); furthermore,

<Tlfag>/g <Tif7gAq,kAq,k>0

(f, T;g - ﬂAq,kAq,k‘>0

f7 Tl (Aq,kAq,k) : Tlg )
A B )

and this means that

 _ T (Aq,kAqu) T

AV WA
Now, it is easy to compute the following:

M:H(L’W)H(L/q%) 61)
AngAch 1— {,Cl/xj 1— q2k—2xi/xl . .

J# i#l

We can now compute the adjoint of My:
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n k —k
= —— T
()

1=1 \j#l
_ Z TiAq, kAq k 1 H qufll— q_kf;1
— Ag Qg k il -y
_ZTZAqkAqk' quj q *zy
Agq kAq by — 2y
*k+2xl

-1

TA. . A A
_Z 18q,k quq le q2

=1 qkAqk by Ty —q°T

- ZHq_k% —_qx:cl Ty (using (8.1))

=1 j=£l !

n k —k
T — €T
Sy
=1 \j# b
:Ml,

so indeed M is self-adjoint. O

Corollary 8.11 (P x,q; Pukq), = 0 whenever A # pu.

Corollary 8.12  The polynomials Py q can be obtained by Gram-Schmidt
orthogonalization of my under (-,-), .

Remark 8.13  For this, we need to extend the partial ordering p < A to a
total ordering u < A. Since M is self-adjoint, from what we have shown it
follows that the result of the Gram-Schmidt orthogonalization will not depend
on the choice of <, and will always yield Py j q-

Definition 8.14  The higher Macdonald operators are defined as follows:

to; —t la;
M, = = 7
I
Ic{a,..., n}zel,]¢1
|1
where I = {iy,...,i,} =T =T, - T;..

We can prove the following results for M,.; the proofs are similar to those of
the corresponding results for M.

Proposition 8.15 M, (C[P]®") C C[P]®~
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Proposition 8.16

M,omy = C(;)?m)\ + Z cf\ru)mu, where C(;)? = Z Hq2>‘it2‘”.
<A |T|=r i€l

Proposition 8.17 M, is self-adjoint with respect to the inner product (-,-), .

Corollary 8.18  The same Macdonald polynomials Py 1 q are eigenvectors of
M,
M Py g =33 P

Proof By Proposition 8.16, we see that M, is triangular with respect to
{Pxkq}; but by Corollary 8.11 and Proposition 8.17, M, must by diagonal
with respect to {Px kq}- O

Corollary 8.19
M, M) =0 for all r,s.

Proof By Corollary 8.18, C[P]®" has a basis consisting of common eigenvectors
of M, and M;. Thus [M,, M,] is zero on C[P]®~. But it can be shown that
a difference operator with rational coefficients that vanishes on C[P]®» must
vanish on C[P], so the result follows. O

8.2 Vector-valued characters

Let g be a simple finite-dimensional Lie algebra, and let A € Py. Let L) =
M) /Jy, an irreducible finite-dimensional representation. If V' is a finite-dimensional
representation, then we saw that for generic v and fixed 3 € P,

Homg (M, 5, M, @ V) = V3],
with ® — (®) under this isomorphism.
Lemma 8.20 Let Y be a finite-dimensional representation of g. Then,

Homg(L,,Y) = Homg (DM, Y).

Proof Since Y is finite-dimensional, any homomorphism M, — Y must map
J, — 0, and hence induces a homomorphism L, — Y. O
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Lemma 8.21 L7, is generated by vj, over U(ny) with defining relations

v
e7;<li70¢,- >+1V’Z = 0.

Proof In M, we have Verma submodules My, (,4p)—p;, = <f{”+1vﬂ>. We also

have J, = 379 M., (i1 p)—p;- This means that L, is generated over $(n_) by

relations flf“ﬂvu =0, and the result follows. O

Theorem 8.22  Suppose u, i+ 3 € P4. Then,
Homg(L,+5, L, @ V) Z V[],,

where V[(], o {v e V[p |e§u’a’y>+1v = O} .

Proof We have

Homg(L,+4, L, ®@V) = Homg(M,+3,L, ®V) by Lemma 8.20
= Homy_ ((n+ B),L, ® V) by Frobenius reciprocity

= Homy (1 +B) @ Ly, V). (8.2)
Using Lemma 8.21, we see that (1 + ) @ Ly, is generated by v with relations
ef”’% >+1vﬁ = 0 and hv}, = fB(h)v}, for all h € h. Thus (8.2) becomes

Homg (L4, L, @ V) = Homg, (1 + B) @ L, V)

_ {v e Vi8] el = o}
VA,

O
Remark 8.23  This theorem is also true for $i4(g), where q is not a root of
unity. The proof is the same.

For the remainder of this section, we will take g = sl,,, V = Sk=1D"C" (sym-
metric power), where k is a fixed integer. Then V' = L(j_1),., , and a realization
of Vis

L(x—1)nw, = {homogeneous polynomials in zy - - - x,, of degree (k — 1)n},

with the following action of sl,,:

0
, fi'—>93i+1—, hy — 2 —— — 11 .
6xi 8:51- 8xi+1

€, — I;
0wt

A highest weight vector is then xgkfl)n, and V[0] = Cu, whereu = (x1 - p)

Also, the Weyl group W of g is then &,,.
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Now o L ;
0 ifp<k-1
P, _ P k—1 P>
elu = ! e (x1 - ) { 0 itp>k
Then
V0], #0 <= VI[0],=V][0]
— ety =0 foralli
<~ pi1 >k foralli
= p—(k—1)> wi=p—(k—1)peP,.
Therefore,

C ifu—(k—1)pePbPy

Homsy,, (L4, L, ®@ V) = { 0 otherwise.

Definition 8.24  Let u € P. The vector-valued character of L,y (—1)p, 0u(A) :
V[0] — V0] is defined as follows:
def D)
e E el (20

= Z tr|Lu+(k—1)p[5] (@Z) e<>\7ﬁ>’
BeP

where for u € V{0], @}t : Ly (k—1)p — Luyk-1)p @V is an intertwiner.

Note that V'[0] is one-dimensional and thus can be identified with C by fixing
a nonzero u € V[0]; ¢, (\) then becomes a scalar-valued function.

Example 8.25 For k =1,V = C, we have

eu(N) = xr,(\) = dim L,[Ble.
BeP

Lemma 8.26  Let {vg, 0 € Q} be a basis of V. Let X; = Fiq%, and let
P e C(Xy, -+, Xp—1) be a (noncommutative) polynomial of weight — 3, where
B e Qp. Let o (X) = tr|,
Qp € C(q)[P] such that

®uPe>) . Then there exists a polynomaial
pt(k—1)p H

Qpreu(N)

P
Pu (A) (1— q—<%’Y>e—<>‘»“f>) v-p-

= Ho<7§5 (8.3)
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Proof The proof will be by induction on 3. For § = 0, the result is trivial.
Suppose that the result is true whenever 8 < (', and suppose P has weight —f3'.
Then

A(P) =P ®q"# + terms of higher first-component weight.

Thus
905()\) = tr|L“+(k71>p (A(P)@Zej‘>
- ((Peioie) + Q)
. ((IJEeS‘P) +Qp

= q () e VG (A) + Q)

|Lu+(k—1)ﬂ
= q ) |,

where @’ is of the form required by equation (8.3), by the induction hypothesis.
We then get
1
P _ /
o N = T T e O

and the lemma follows. O

Lemma 8.27  With the same notation as in Theorem 8.26, let us assume that
B € Ry andlimq_1 P =fg. Write P = Pg. Then Q pr—1 is a nonzero polynomial
5

relatively prime to H;:ll(l —q e P,

Proof It is enough to prove the lemma in the case g = 1. In this case, we have
Pg = fﬁ, and then

Pk71

o’ N =wlp o (2

uk2)\
tly o (A Ruf )

(o
(
= |Lu+(k Do ( fg ® |d (I)ufk 2 A) + tr|L T ((|d ®fﬁ)¢)zf§—265\)
(
-1

ufk ’ Afﬁ) +fﬁ tr|L pt(k—=1)p (Q?‘fgizeA)

—ODOPE ) 4 f502 T (),

r|Lu+(k 1>

and thus

k—1 k—2

P _ P
e’ )= (1= 0,7 ().
Iterating, we obtain

pk-1 B 1-k
0 (A = (176 <)\ﬁ)> fg 180#()\).

Using Lemma 8.26, we see that for some constant ¢ # 0,
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0 Ho<7<(k 1)5( —e=(rN)
Pyt T (1 — e~ (BN k=
=c H (1—e" 1:[ (1—|—€7<ﬁ)‘ ..+€*(S*1)<ﬁ,>\>>.
0<y<(k—1)8 s=1
v#sB
The result follows. O

Lemma 8.28 ¢, is divisible by

I IT (-,

a€Ry m=1

Proof For any o € Ry, we have, by Lemma 8.26,

pk- 1()\ _ Qpr-19u(N)

T e e e

where G is a product of binomial factors. By Lemma 8.27, Q pr-1 is relatively
prime to H (1 —q e~ (@M} and the result follows. O

Theorem 8.29 (Etingof and Kirillov (1994))

(a A) (a, )
= 11 H( a e ).

a€Ry m=1

Proof The vector-valued character ¢g of L(;_1), satisfies

o) = trly, (o)

1 (em?%A> - q_Qme_%> - P(X\) (8.4)

I
—
—

for some Laurent polynomial P(\), by Lemma 8.28. Now, the term of highest
weight in (8.4) has weight (k — 1)p, while the highest weight in the product that
precedes P(\) in (8.4) is
o
k—1 —=(k—-1)p.
(k=1) Y S =(k-1)p

acR4

Thus, the only dominant weight ~ for which P(\) can contain a nonzero term
bye<%)‘> is v = 0. In a similar way, we see that the same statement is true of
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P(wA), for w € W = &,,, which means that P(\) must be a constant. But the
highest term in @o(A\)u is 1-eF=D{A): hence, P(\) = 1, and the result follows.
O

Theorem 8.30 (Etingof and Kirillov (1994)) ¢, () is divisible by wo(N), for
all p e Py.

Proof This follows immediately from Lemma 8.28 and Theorem 8.29. O

Theorem 8.31 (Etingof and Kirillov (1994))  The polynomial P, def en g

symmetric, for all p € P4. e
Proof Consider
ld®@®o : L, ® Ljx—1y, — L ® Lx—1), ® V.
We have
A A A
tr((dedo) e, o) =y, (@)l (@0c))
= XL, (A)po(A)u. (8.5)
On the other hand,
Ly @ Lig—1)p = Lt (k-1)p © (Sv<puLyh-1)p ® No) ,
where
N, = Homy, (g) (Lu+(k-1)ps Lt ® Lg—1)p) -
Now, writing
(ld ®(I)0)|LV+(k_1)p®NV =0, X,,
for some X, : N, — N,,, we see that
tr (ld@®g) ) = (mx) + Z(trxy)%(A)> u. (8.6)
v<p
Combining (8.5) and (8.6), we get
()\)on( + Z trX SDV
v<p
— xu(\) )+ ) (tr X,) P (A (8.7)
v<p

We can now prove by induction that P;: is symmetric for all 4 € P,. For p =0,
it is obvious, since P} = 1; suppose P} () is symmetric for all v < p; then by
(8.7) we have
P/L(A) = X#(A) - Z(tr XU)PL:()\)7
v<pt
which is symmetric by induction. This completes the proof. O
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Theorem 8.32 (Etingof and Kirillov (1994))  The polynomial ¢, /@0 is the
Macdonald polynomial:

Pu
=N =P, q-1 -
800() w,a— 1tk

Proof Let us write

S"u()‘) — (ot (k=1)pN) | 1 + Z e(ﬁ,/\>dﬁ7u ,
B<0

for all pu. Then,

Pu (1, A) (B;A) g
—=(\) =e\# 1+ E e d . 8.8
O( ) = By ( )

Now remember the Cartan involution w, defined in Section 2.6. It is an anti-
automorphism of coalgebras, and we have a natural isomorphism Y = Y*.
We then have
w
O L (-1)p — (Lt (k-1)p ® V)5

or equivalently,
P L1y = V7 Ly (-1

We then consider the tensor product map
(I)# ® (I)L: : L;Hr(kfl)p ® L;—O—(k—l)p — Lqu(kfl)p RVRV*® LZ—O—(/{:—l)p?
and we define
Ve Ly k1) @ Loy (k-1)p = Lt (k=10 @ L i1y,
to be the composition
(|d ®KV,V* ® |d) o ((I)# 24 @5) s

where Ky y+(v ® v*) = v*(v).
Note that

A
tr|L“+(k71)p®L;+(k—l)p \IJA(G )
L*

= Ky~ (tr|Lu+(;€71>p (q)ueA) ® tr " oirs (q)‘;’e*’\)>
= @u(New(=A). (8.9)

We can now decompose

Ly (k=1)p ® L4 (k1) = ®eP Nywp @ L,

and U =3 50 Ws®Idr, (since it is an intertwiner).
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Therefore,
tr(TA(Y) = > tr(Wp)trp, () = > tr(Wg)xr, (V).
BEP4 BeEP

Then we have

(o0} 1= = T (Ve (~NSF(A)

= %C.T. > (W) xr, (MI(A)(=N)
' BeP

_ % 37 tr(U5) CT. (x2, (NS(A)S(—N))

" BeP,
1
= E Z tr(\I/ﬁ) <1’XLﬁ>Weyl
BEP+
() ifp=v
10 if u#wv.

(Here C.T.() denotes the operation of taking the constant term of a Laurent
polynomial or series, and (A,B)Weyl = C.T.((AN)B(=X)6(A)6(—=A))) is the
Weyl inner product.)

The last equality holds because if 1 # v, then C & L, (x_1), ® L;+(k71)p,
hence N0 = 0.

This proves that %(A) is the Macdonald polynomial. O

Let z; = q*. Then the Macdonald operator M, becomes
ko2 —k a2

qq9 —q "q7

M = E: I l g — g2 T,

1C{1,...,n} i€l j¢I
| I|=r

where I = {i1,...,i,} = T; =T;, ---T;. and T;\; = A\; + d;;. We know that
for generic p € h*, the spectrum of M, on Y, is simple (note that this is not
true for p € Py), and there is a unique eigenfunction of the form

fr(g, A, p) = q2dm=k=1p) [ 1 | Z cﬁq2<ﬁ,)\)
B<0

such that

M= > T[a*" | .

1c{1,...,n} 1€l
[I|=r
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Theorem 8.33

fk(qv A’H) = ’Yk(qv A)illllv(qilv _)‘hu)v
where

k—1
wta = T I @ - a4,

m=11<yj

Proof This follows from the definition of ¥y, and from theorems 8.29 and 8.32
(see Etingof and Kirillov (1994), Etingof and Varchenko (2000)). O

Corollary 8.34 (Felder and Varchenko (1997))  Let A"Cy denote the q-analog
of the rth fundamental representation of sl,,. Then,

Dyren (@1, =A) = 6y, 0 M, 0 (6,,) 7"

Proof This follows from Theorem 8.33 and part 1 of Theorem 7.7 (see Etingof
and Varchenko (2000)). O
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DYNAMICAL WEYL GROUP

In this chapter we will review the theory of the dynamical Weyl group. This
theory has many applications, in particular to study of traces of intertwining
operators. The theory of the dynamical Weyl group was developed in Tarasov
and Varchenko (2000), Etingof and Varchenko (2002).

9.1 Dynamical Weyl group (for g = sls)

Let g be a simple Lie algebra, and let W denote its Weyl group. Given A € P,
we consider the Verma module M. What are the singular vectors of My (namely,
the v € M) such that E;o =0for ¢ =1,...,7)7

Let w- A denote the shifted action of the Weyl group on h*: w-A = w(A+p)—p,
for all w € W.

Theorem 9.1 (BGG theorem, Bernstein et al. (1971))  Singular vectors exist
only in weights w - \,w € W. In each of these weights, there exists one singular
vector, up to scaling.

Example 9.2  For sl,, the singular vector %v A has weight —\ —2; indeed,
we can take g to be the nontrivial element of W, and then g-\ = g(A+p) —p =
gA+1)—1=-X—-2.

In this section, we will consider the case g = sly. Let V' be a representation
of Ug(slz) and let v € V, with v = wtv. We will consider the restriction of
(bg\ : M)\ — M)\ ®V to Mw’(Aer)fp'

Claim 9.3  For A > 0, we have <I>§\|MLA72 CM_\yr20V.

Proof We write

O (Fva) = > anFfva, @ wy (9.1)
k=0

Consider the term with lowest power & on the right-hand side of (9.1). For such
ko, Fovy_, is killed by E (to see this, just multiply both sides of (9.1) on the
left by E® q" +1d ®E). This means that kg is either 0 or —\ + v — 2. But ko = 0
implies wtwy = —2\ — 2 4+ v < 0 (since A > 0), and this is impossible since V/
is finite-dimensional. Thus kg = —A 4+ v — 2, and the claim is proved. O
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Knowing that
DY My — My, ®V

restricts to a map
SN M _y o= M iy 20V

for A > 0, we can now define an operator
Av(N):V =V

such that
Av (M = < 1>)\|M,A72> )

with Ay (V[v]) C V[-v].
Proposition 9.4 Ay is invertible for A > 0.
Proof Suppose Ay ()], =0. Then ®3[,, =~ =0.So @} induces a map
DY : My/M_x_2 — Mx_, @ V.
But My/M_5_o = Ly, and thus we get a nonzero homomorphism
Ly@V* — M,_,,

which is impossible since the Verma module M,_, does not have a nonzero
finite-dimensional submodule. O

Lemma 9.5  Let U,V be representations of Uq(sla); then

Avev (W) Jov(A) = Jov (=2 — 2)A2 ()AL (A — %), 9.2)

Proof Let u € Ulul,v € V[v]. We have

APNAP - weo) = (@8], Ye(al,, ),
and thus

Jov (=X =2 AP AP (A - h)(w @ v) = (@ @ 1)@l , )
= Avgv (M) Juv(A)(u ®v).



Dynamical Weyl group (for g = sl, )

Proposition 9.6 Let V = C? = Cv, @ Cv_. Then,

—1[A+2]q
Av(\) = (0 —9 ) )
q 0

Proof We have
O My — M1 @V,

with
(I)K+V)\ =Vi_1 ® vy,
and hence
FA+1
vi
e
1
= W(F ®@14+q "@ )M (vali ®vy)
1
=pgat v )
1
R (@ +a Mk M) (Frva @)
q!
! 1 ' —q
= FAlv,
Pt A e T g
1 1
= - F/\+1 — F/\ - - /"
[)\+1]q!( VA 1®U+)+q[)\]q!( Vo1 ®@v_)

Thus Ay (A)vy = qu—. We also have
Dy My — My @V,

with B
‘I)K_VA = Vi1 @v_ — [)\qu]Fle Q@ vy,
q
and hence
FA+1
P —
P EINAG
1
- W(F ®1+q "®@F)> ! (v/\_H Qv —
q!
1 q A2
AT, v ©ve) + BOv- for some
A+ 2] FM2q!
- Var1 ® vy + BQu_.
1] A2yt T
Thus Ay (M- = —q~! Riﬂ: vy. This completes the proof.

(F)\V)\_l ® U_)
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In general, we let V. =1V,,,,m € Z,, and we write A,, def Ay, . Consider

AR (N) 2 Vi [m — 2k] — Vi, [2k — m).

Proposition 9.7  We have
A+1—3
Al = I ot Tl

k

¥ 4is a nonzero constant (independent of \).

where ¢
Proof Let U=V;,V =1V, in (9.2); we get
Aviev, N Tiv, (V) = T, (<A = 240 (VAT (A= k). (9.3)

We then take the determinant of both sides of (9.3), using detJ = 1 and V1 ®V,,, =
Vi1 @ V1. We get

AD (V) = A5, (MAY (A —m),
and, for k > 0,
AR LOVAETL () = AR () ARSI AN — m - 2k) AT (N — m + 2k — 2)

We then get
AD L (\) =¢) ., for some constant ¢,

and, for k > 0,

[A —m + 2k]q
A —m + 2k — 1]q

A (V) = AL N4 NAT ()

using Proposition 9.6. The result follows by induction on m. O

Corollary 9.8
1. Ay ()\) extends uniquely to a rational function of * (of X if q = 1);
2. The following limits exist:
o Ab Elim_ o Av (V)

qr—0o0
o Ay Llim o Av(\);

—2k(m—k+1) A

+ .
3. AV V}Vm [m—2k] ’

|vm [m—2k —
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4. 1If
Av|v 2k = def —k(m k+1)A— k(m k+1) A+|

then Ay (X) = Ay By (X\), where

Vi [m—2k] °

By (N, iy * Vinlm — 2k] = Vin[m — 2k]

is defined by
k

A+14 4
By (Nly, 2k = H—A P Id.

Proposition 9.9  Let v,, be the highest weight vector of Vi, and let vy—o; =
(F7/[jlq)vm. Then AFvm—_o; = (—1)7v25_m.

Proof See Etingof and Varchenko (2002). O

9.2 Dynamical Weyl group (for any finite-dimensional simple g)

Now, we want to generalize this to an arbitrary finite-dimensional simple Lie
algebra g. Let W be the Weyl group of g, and let V be a finite-dimensional
representation of U4 (g). Let q; = q¥, and for A € h*, we will define

As, v(N) = AViy, i, L (A(hq)).

Let w € W, and let § denote the reduced decomposition s;, - - - s;, of w.

Definition 9.10

Aw,vs(A) = Asil (Sig =8~ A) A (i, - )‘)AS” (A)-

Sip_q

, ()
Denote o/ = s;, ---5;,_, (a;), and n; = 2 ey > 0.
Lemma 9.11
Fr1 ... F™
V/\ def Qi iy v
w\8 A
[nl]!qdj1 = [nl]!q .

1s independent of the choice of reduced decomposition § and is singular of weight
w- A

Proof The fact that this vector is singular is proved in a straightforward man-
ner by induction in [ (this is a rank 1 calculation). It is enough to prove that if
0,0" are two reduced decompositions of w that differ by only one braid relation,
then vf;,/\ﬁ = vf;,/\ﬁ/. In particular, we can focus on the rank two Lie algebras
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Ay, By and Gs. In this case, the maximal element wy € W is the only one that
does not have a unique reduced decomposition, so we can assume that w = wy.
Then in each reduced decomposition, each of the positive roots appears exactly
once, which implies that

{(ni,dr), ..., (ni,dp)} = {(n},dy), ..., (n,,d))}.

Now let u = F"1 Rt VA and v = FZI, ~~~Fa,v>\ Then u,u’ € M), are
singular vectors of welght wo - \. Now, by the BGG theorem above, for As, B
and (g, the space of singular vectors of weight wq - A in M), is one-dimensional;
hence, v’ = cu for some ¢ € C\ {0}.
Let
F = C[Fl, ey FT]/ <F1Fj — q?ij FJF“Z < j>

and A
F=CJF,....F]/ <FiFj —q FF < j>.

Let W : 4g(n_) — F and ¥ : Yq(n_) — F be the natural homomorphisms. (It

is easy to check that they are well-defined since the relations F;F; = qf i FiF;
imply the g-Serre relations.) Then, for some m, we have ¥(u') = q™¥(u) and
U(u') =q ™W¥(u); thus ¢ = g™ = q~ ™. Therefore ¢ = 1, and the result follows.

O

Lemma 9.12  Consider ® : My — M, @ V.A € Py, (A, a;) > 0. Then
DV a5 = Vip s @ Awv,s(A) (@) + lower order terms.

Proof This follows easily from Definition 9.10, by induction on the length of
w. O

Theorem 9.13 A, vs()\) is independent of the choice of 6.

Proof For A large dominant, this follows immediately from Lemmas 9.11 and
9.12. For arbitrary A, this follows from the fact that A, v s()\), being a rational
function of A, is determined by its values at large dominant . O

. . def .
Because of this, we can write A,, v = A v,5, where 6 is a reduced decompo-
sition of w.

Definition 9.14 A, v (\) are called the dynamical Weyl group operators.

Proposition 9.15  Let wy,ws € W, with [(wywsz) = l(wy) + l(ws). Then,
Awlw27V(A) = Awl,V(wQ : )‘)AUJQ,V()‘)'
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Proof This follows directly from the definition of A, v . O

Definition 9.16  The braid group W attached to W is generated by s; and by
the same relations as W , with the exception of the relations s? = 1. Alternatively,
W is the fundamental group of the open set in b defined by the inequalities
(a,x) # 0,0 € Ry

Corollary 9.17  There is a C-linear action of W on the space of meromorphic
functions of X with values in V, which on generators is given by

(si0 /)N " A, vsi- N f(si- M)

This action is called the shifted dynamical action.

Remark 9.18 Note that W can be regarded as a subset (not a subgroup)
of W, by sending any w € W to (any) reduced decomposition, regarded as an
element of W. For w € W C W the shifted dynamical action can be written as

(wo fY(A) = Aw,y (@™ A) fw™ - A).

We can also define a modified action.

Definition 9.19  The (unshifted) dynamical action of W on the space of
meromorphic functions of X with values in V is defined by

(wx fYA) = Ap v (™ - N f(w™ -\ forallw e W C W,

where Awv < Ay (A —p+3h).

Proposition 9.20  On functions with values in V0], the dynamical action of
W factors through W.

Proof See Etingof and Varchenko (2002). O

Lemma 9.21  Let U,V be representations of Uq(g) and let w € W. Then

Awvev Ny (V) = Jov (w - NAZ, ()AL, (A - h?).

Proof Similar to the proof of Lemma 9.5. O
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Corollary 9.22  Let U,V be representations of tq(g) and let w € W. Then,

—1
Roy (w- ) = AD, VAL (A= BRvu () (A9 (0= hY) AT ()7

Theorem 9.23  The Macdonald-Ruijsenaars operators (Dw ) are invariant
with respect to the dynamical action of W i.e.,

[Dw,wx] =0 for allw e W.

Proof Let f:h* — V[0] be a meromorphic function. We have

((w) "D (wx) ) (V)
= Aw,V

(Nt Z (trlyy o) Rwv (w- A)Aw vy A+ ) f(A+ ). (94)
veh*

Now, corollary 9.22 implies that

) = A® (1) 2 (2) 1) 7 AD y-t
Ruvy (- ) = ADy (VAT (A + AR () (AD, 4+ 1Y) AT ()7

(9.5)
Substituting (9.5) into the right-hand side of (9.4) and using the facts that f
takes values in V[0] and that trace is conjugation invariant, we see that the A
cancel out, and we obtain

((wx) " Dw (wx) f) (A) = (Dw f)(A).
Thus (wx) " !Dy (wx) = Dy, and the result follows. O

Theorem 9.24  The function Fy (A, p) is invariant under the dynamical ac-
tion of W. In other words, for all w € W, we have

FV(A,M) = F‘i/ﬂ()\,’u)7
where

FEO ) = (Awy (™ A) @ Ay v-(w™ - p) Fy(w™ - A w™ - p).

Proof By Theorem 9.23, we see that F{7 (), 1) is a solution of the Macdonald-
Ruijsenaars equations and the dual Macdonald-Ruijsenaars equations. Using
arguments similar to those in the proof of the symmetry identity, we conclude
that F{Y (A, 1) = cwFv (A, p) for some constant ¢,,. The constant can be shown
to be 1 by taking limits as q{*® — 0,q*) — 0. O
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